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UNIT I

FORCES

1.1 NEWTON’S LAWS OF MOTION
Newton enunciated three laws of motion which are used as axioms for developing the subject.
These laws are:

N.1. A particle remains at rest or in a state of uniform motion in a straight line unless

acted on by an impressed force.

N.2. The rate of change of momentum of a particle is proportional to the impressed force

and it is in the direction of the force.
N.3. To every action there is an equal and opposite reaction.
1.1.1 Forces

The first law, N.1., means that a particle cannot change its uniform motion in a straight
line or its state of rest, on its own accord. That is , to effect a change from the uniform motion
of a particle in a straight line or from its state of rest, an external agent is necessary and this

agent is called force.

Linear Momentum :If m is the mass of the particle and v its velocity, then mv is called the
linear momentum or simply the momentum of the particle. If r is the position vector of the

particle, then its linear momentum is mr.

N.1.establishes the existence of the force. We shall now show that N.2enables us to measure
it.
Measuring a Force: Let the position vector of a particle of mass m be r. Then by N.2., we

dimr)_| =

get—_- kF or mi=kF

where k is a constant and F is the impressed force. Now denoting the acceleration #by @, we

may rewrite this equation as
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Further, ifa = ae and F=Fé,where éis the unit vector in the direction of the acceleration, then

the equation takes the form
maé = kFé

Let us now define the unit force as that force which produces a unit acceleration on a particle
of unit mass. By this choice, we get that, when F=1 and m=1, a=1. Consequently k becomes 1

and N.2 results in the equation.

ma=F or mi=F

which is called the equation of motion of the particle. This equation enables us to measure

force. Its scalar form is ma=F.

Units of Force: In the M.K.S., C.G.S., and F.P.S. systems, the units of force are respectively a

newton, a dyne and a poundal.

Newton: A newton is that force which, acting on a particle of mass 1 kg, produces an

acceleration of 1 m/sec?.

Dyne: A dyne is that force which, acting on a particle of mass 1 gram, produces on it an

acceleration of 1 cm./sec?

Poundal: A poundal is that force which, acting on a particle of mass 1 lb., produces on it an

acceleration of 1 ft./sec 2
Remark. 1.newton=10° dynes
1.1.2 Types of forces.

The forces with which we will be concerned in this book are earth's gravitation, tension,
reaction and resistance and we will be omitting the forces like electromagnetic and

magnetostatic forces.

1) Earth's gravitation. It is Newton who found that two particles attract each other with a

force of attraction whose magnitude is

ymym,
72

where m; and m, are the masses of the particles r, the distance between them and y, a universal

constant.
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Weight. The force of attraction of the earth on a body is called the weight of the body.

This force is towards the centre of the earth, that is, vertically downwards. For different places
on the earth's surface or in the same place but at greatly differing altitudes, g varies slightly and
the force of attraction on a given particle correspondingly varies. The acceleration due to this
force, close to the surface of the earth, has been observed through experiments conducted in
vacuum, to be about 9.8metre/sec?, 980 cm/sec?, 32 feet/sec’respectively in the M.K.S., C.G.S.
and F.P.S. systems. Now, denoting this acceleration by g, we get the weight of a body of mass
m to be mg. So the weights of bodies of masses m kilograms, m grams and m pounds are

respectively.
m x 9.8 newtons, m x 980 dynes, m x 32 poundals.

Definition. The weights of a kilogram, a gram, a pound, a tonne (metric ton) and a ton are
respectively called a kilogram weight, a gram weight, a pound weight, a tonne weight and a

ton weight.

Note. It is erroneous to say that the weight of a man is 64 kg. Technically his mass is 64 kg,
and his weight is 64 kilogram weight.

(ii) Tension. Tension is a force which comes into play when an elastic body is deformed by

application of forces.

Hooke's law. It has been found by experiments that tension of an elastic string or a spiral spring
varies as the ratio of the extension of the string beyond its natural length, to its natural length.
This fact was discovered by Hooke and hence this law is known as Hooke's law. The constant
of proportionality is called the coefficient of elasticity of the string or the modulus of elasticity

of the string. This coefficient is usually denoted by A so that

. extension
tension=A —————
natural length

When a string is taut, the tension on it is the same everywhere. When it lies over a smooth

object, then also the tension on it is the same everywhere.

(iii) Reaction. It is observed from experiments that whenever two bodies have contact with
each other, each is subject to the action of a force, the forces being equal in magnitude but
opposite in direction. This fact was enunciated by Newton as N.3. These forces are called the
reactions of the bodies.
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Normal Reaction and Friction: We shall now consider the reaction acting on one of these
bodies. When this force can be resolved into two components: one along the direction normal
to the surface of the body and the other along the direction opposite to the tangential direction
in which the body has a tendency to move. These components are called the normal reaction
and the friction respectively.It is important to note the difference between reaction and the
normal reaction. When the bodies are smooth ,which, of course, is an ideal case, the friction

itself vanishes and the reaction is the normal reaction itself.

TP T wwasaps veswassw we - wwssaway L[]

Limiting Friction: It has been observed through experiments that there is a limit to the amount
of friction that can be called into play. This maximum limit is called the limiting friction. When
one body is just on the point of sliding on another body, the equilibrium is said to be limiting
equilibrium and the friction then exerted is the limiting friction. It has also been observed that
the limiting friction bears a constant ratio to the normal reaction. This constant is called the
coefficient of friction.If the limiting friction is F and the normal reaction is R and if the

coefficient of friction is p, then:

F
==k oor F = uR.

Angle of Friction and Cone of Friction:When the friction is the limiting friction, the angle
between the reaction and the normal to the surface is called the angle of friction. The right
circular cone with its vertex at the point of contact, with its axis along the normal to the surface
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and with its semi-vertical angle equal to the angle of friction, is called the cone of friction.If

the angle of friction is A, then:

limiting friction _

tan A = n or A=tanp

normal reaction

Laws of Friction:It is observed from experiments that the nature of friction is governed by the

following laws of friction:

Law 1: The friction acts opposite to the direction in which the body moves or has a tendency

to move relative to the other body in contact.

Law 2: When the bodies are at rest, the friction called into play is just sufficient to prevent the

motion of any of the bodies.

Law 3: There is a limit to the amount of friction that can be called into play. This limit bears
a constant ratio to the normal reaction.This constant depends upon the nature and material of

the surfaces in contact and not on the measure of the areas in contact.

Law 4:When the body slides on another, the friction called into play is slightly less than the

limiting friction.

Law 5: When the body slides on another, the friction called into play is independent of its

relative speed.

Ofthe above five laws, the first three are called the laws of static friction and the other two are

called the laws of dynamic friction.
1.2 RESULTANT OF TWO FORCES ON A PARTICLE

If a particle is acted upon by two forces F; and F,, then their vector sumF1+ F,is called the

resultant force on the particle.

Bookworkl1.1:To find the Magnitude and direction of the Resultant ofF1andF,.

Now the resultant isF1+F>.Let the angle between Fi and F, be a. Then the magnitude of
F1+F2 is: |F1+F2| =\/(F1+F2).(F1+F2)
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=V(F1.F1+F,. F2+2F1.F))
=VF124F,2+2F1.Fcosa
Where | F1|=Fy,|F2|=F>
Let B be the angle betweenFiand the resultantF1+F,. Then:

_[F1x(F1+F2)|
"~ F1.(F1+F2)

tan ©

=|0+F1X F;|/F12+F1.Fcosa

_ |F'F?sin af|
Fi(F1+F;cosa)

(F1F; sin a)
Fi(F1+F,cosa)

(Fysin a)
(F1+ Fycosa)

(Fpsina)

0 =tan!
(F1+ Fycos @)

Corollary 1. If F1and F»are of equal magnitude, say F,then

b

| F1+F 4| =VF2+F2 +2Fcosa
=F\/2(1+cosa)

=Fv/. 4c052%
=2Fcos=
2

Corollary 2. If Fiand Fare perpendicular to each other, then choosing Tand J in their

directions.
F1=F1T , Fo= F,J.
I F1+F2|=| F1T+F2]_|
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=\/F12+F22

F F1
— orf =tan'—
F F,

tanf=
1.3 Resolution of a Force into its components.Given the forcesFjandF», we have the resultant
as F1+F». Conversely, ifF1+Fais given, the quantitiesF1andF, are said to be components of |
F1+F,|.Since infinite number of parallelograms can be formed with a given diagonal, a given

force can be resolved intotwo components in infinite number of different ways.

Bookwork 1.2. To resolve a force F into components in two given directions.

Let &, &, be the unit vectors in the given directions. Let them make angles a, p with F

may be expressed as a linear combination of €, € as

F=aé& +bé; ..(1)
Multiplying this vectorially by &,
G xF=aé xé&+béxé,
i.e.,Fsinan=>bsin(a+p)n

where 1 is the unit vector perpendicular to both &, and &, such that &, é,, i form a right-handed

triad.

Fsina
sin(a + B)

Multiplying (1) vectorially by €.,
&, XF:aézxé1+bé2Xé2
i.e.,F sin B (—0) = a sin(o. + B) (—h)

__ Fsinp
sin(a + B)
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= Fsin ~ Fsina
“F = B_a

sin(a+p) | sin(a+p)

>

2

1.4 Component of a force in a given direction.Given a force F and a direction specified by

the unit vector &, the scalar quantity

is the component of F in the direction of &.

Bookwork 1.3. To express the force F acting in a plane in terms of its components in two

perpendicular directions in the plane.

Let 7,j be the unit vectors along the perpendicular directions.

Then, from Vector Algebra, we have

F=(F-)1+((F - )J.
IfF makes angles a, 90° — o withz,j then
F- ==F.1.cos o,
F - 7=F.1. cos (90° — o) = F sin a.
~F =F cos o1+ F sin oJ.

Note. F cos o, F sin a are the components ofF in the perpendicular directions which make

anglesa, 90° — o with F.
EXAMPLES

Example 1. The magnitude of the resultant of two given forces P, Q is R. If Q is doubled, then
R is doubled.If Q is reversed, then also R is doubled. Show that

P:Q:R=42:V3:42.
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Let a be the angle between P, Q. Then, considering the magnitudes of the resultants in the three

cases,
P2+ Q*+2PQcosa=R* ...(1)
P2+ 4Q* + 4PQ cos a = 4R>...(2)
P2+ Q*—2PQ cos a=4R2..(3)
where, in the third case, the angle between the forces is 180° — a.
(1) +(3): 2P2 + 2Q? = 5R?
(2) +2(3): P2+ 2Q? =4R?
~P2=R2, Q*=3/2R?
~ P2 Q% R*=R%3/2R*R*=2:3:2

Example 2.The magnitude of the resultant of the forces FiandF»acting on a particle is equal to
the magnitude of Fi1.When the first force is doubled, show that the new resultant is

perpendicular to F.
Since the magnitude of Fi+F»is equal to the magnitude ofF .
|F1+F,| = F, or |F1+F2|2 = [F1?
(F\+F>). (F\+F,)=F\.F,
orF1.F1+2F|.F, +F,.F>
or(2F 1+F>).F2=0
So the resultant of 2F andF is perpendicular to F».

Example 3.Two forces of equal magnitudes act on a particle and they include an angle 0.1f one
of them is halved, the angle between the other and the original resultant is bisected by the new

resultant.Show that 6 = 120°.

Let OA, OB be the given forces. Complete the parallelogram OACB. Since OA = OB, OC
bisects ZAOB.Let B’ be the midpoint of OB. Complete the parallelogram OAC'B’. Now C’ is
the midpoint of AC.Since OC’ bisects 2AOC,

0A_AC'_
oc cc
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So OA = OC. But OA = OB. Hence AOCA is an equilateral triangle and
£AO0C=60° ~.£AOB=120°

Example 4: Two forces of magnitudes P and Q act at a point. Their resultant is inclined to the
first at an angle o and has a magnitude R. If the magnitude of the first force is increased by R,

show that the new resultant will make an angle o/2 with the first force.

Let the given forces be P&, Q¢&,, where &, &, are the unit vectors in the directions of the

forces.Then their resultant is
P é1+ Q é2= R é3, say

since the magnitude is R (€; is the respective unit vector). It is given that the angle between €,

and &; is a.
Next, P is increased by R and so the new resultant is
(P+R) &+ Q &=R&+(P &1Q &)
=Ré& + R& =R (& + &)

But the direction of &, + €3 is the direction which bisects the angle between &; and €s, which is

a.So the angle between the new resultant and the first force Pé; is o/2.

Geometrical Method: In the figure ABCD is a parallelogram, AB = P, AD = Q, AC =R and
£BAC = a.Also AEFD is a parallelogram,

Where R=BE=CF=AC

So AAFC is isosceles and
£CAF=2£CFA(Base angles are equal)

= £FAE Alternate angle
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Thus AF bisects 2CAE and soZFAE= o2.

Example 5:The resultant of two forces P, Q is of magnitude P.Show that, if P is doubled, the
new resultant is perpendicular to the force Q and its magnitude is\/4132i—(22 .
Denote the first two forces by P, Q. Then their resultant and the new resultant are
P+Q,2P+0Q.
P+ Q]*= [PPor(P+ Q).(P+Q)=P.P
PP+2P.Q+Q.Q=P.Por2P.Q+Q.Q=0 ........ {1}
So the new resultant is perpendicular to Q. Also,
2P+ QP =(2P+Q).2P+ Q)
=2P+Q). 2P)+(2P+Q).Q

=(4P%+2P.Q)+0=4P% — Q?%by (1)

|2P + Q| = /4PZ — Q2.

Example 6: ABC is a triangle, right-angled at A and AD is the perpendicular from A to BC.
Show that the resultant of the forces acting along AB, AC with magnitudes 1/AB ,1/AC acts
along AD and its magnitude is 1/AD.

Let 7, j be the unit vectors along AB, AC. LetZBAD=a
Now the unit vector along AD is
AD=cos o i+ sin o j
=(AD/AB)i+(AD/AC)j ..(1)
Now the forces are(1 / AB) 1, (1 / AC) jand their resultant is

(1/AB)i+(1/AC)j=(1/AD)[(AD/AB)i+(AD/AC)]]
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=(1/AD)AD by (1)
which is along AD with a magnitude 1/ AD.

Example 7: The resultant of the forces F;, F» acting at O is R.If any transversal meets the lines

F, R

of action of F4, F», Rat A;, A, B,prove that SN

0A, ' 0A, OB

Draw ON, the perpendicular to the transversal.Let j be the unit vector along ON.Let the forces

and the resultant, in vectors, be F;, F, R.
ThenFi+F, =R ..(1)

The angles between t and the forces CCC, R are
£2A.0ON, £A,0N, £BON.

Multiplying (1) by iscalarly, we get

Fi.l +F.7=RI

~F; cos AJON + F, cos A,ON = R cos BON

. ON ON ON 1 1 1
re.,Fi—+ F, cos —=R cos —orFi—+ F,——=R —
“loa, 2 0A, 0B '0A, ~20A, = 0B
Remark. This result can be extended to n forces Fy,Fa,....... Fnacting at O. In this case we
have
F1 F2 Fn R
AM— tAr— ... tA————
0oa1 oAz 0An 0B

where A:=1 or -1 according as cos AjON is +ve or —ve.

Example 8: Show that the resultant of two forces sec B, sec C acting along the sides AB, AC

of a triangle ABC is a forcetan B + tan C
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acting along AD, where D is the foot of the perpendicular from A on BC.

c =
j
D
Cl -
c , :
P &
AN B

Draw B’AC' parallel to BC. Then

<(B'AB=B, «C'AC=C.

Let the unit vectors along AD, AC' be T, J.Now the force sec B is along AB. Resolving it into
components in the —jandt , directions, it is

sec B cos B (-])+ sec B sin B tor-j+ tan Bi(1)

Resolving sec C, which is along AC, into components in the 7 and jdirections

sec C cos Cj + sec C sin Ciorj + tan Ci(2)

Adding (1) and (2), we get the result as stated.

Example 9: Two forces of magnitudes F; and F, act at a point. They are inclined at an angle

a.If the forces are interchanged, show that their resultant is turned through the angle

1, F1-F a
2 tan! (——= tan—
F1+F,. 2

)

Let the forces be Fy & and F, €;. Then €. €,= cosa.After the interchange, the forces will be
represented by the vectorsF, € and F, €,.So the resultants before and after the interchange are

respectively Fy & + F, €;and F, €tF€,.1f 0 is the angle between them, then

cosh = (F1é;+F,6;) (F,é1+F{6)
|Fy 61+ Fy é;] "|Fo 6, +Fy 6y

— (2F.F; + (F*+ Fx?») cos o)
J(F1? + F2? + 2F1F; cos o) (Fi2 + F22 + 2F;F, cos a)

(1 —tan*(0/2)) [2FiF,+ (F>+ F;?) cosal
(1 + tan?(6/2)) [(Fi2+ F2»)+ 2 F; Fycosa
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Thus , by componendo and dividendo,

_(Fy—F;)*— (F;—F3)*cosa
(F1+ F2)*+ (F1 + Fp)*cos a

osinz®
:(Fl—Fz »1—cos a:(Fl—Fz 5 &SIN™
Fi+F,. 7 14cosa “Fi+F.~ 2 COSZ%.

— Fl_FZ 2 2g
(F1+F2. ytan 2
From which we get the result as stated.

Equilibrium: When the resultant of the forces acting at a point is zero, the orces are said to be

in equilibrium.
Examples

Examples 1: Forces of magnitude Fi,F2, Fiact on a particle.If their directions are parallel to

BC ,CA, AB, Where ABC is a triangle,show that the magnitude of their resultant

is \/Flz + F,? 4 F3* — 2F,F;cosA — 2F;F;cosB — 2F,F,cosC.

Soln. :

The given forces areF\BC ,F.CA, F3AB
where

BC ,CA, AB

are the unit vectors parallel to BC ,CA, AB.If the magnitude of their resultant is, then we have
F?>=(F|BC +F.CA+ F3AB). (FIBC ,F.CA, F3AB)

F12 +F22+ F32+2F2F3C/';1.1@+2 Fs. F11@.B/C+2 F1.FQB/Z‘.C"1\4

= F\? +F2*+ F3? -2F2F3c08 A-2 F. Ficos B -2 Fi.Facos C
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Because CA.AB =cos (180° — A)=-cos A etc

Example 2: The sides BC, CA,AB of a AABC are bisected inD,E,F.Show that the forces
represented by DA, EB,FCare in equilibrium.

Soln. :

The forces act through the centroid, since D is the midpoint of BC, AD=1/2(AB+AC)
=1/2(AB-CA)
ButDA=-AD
=- 1/2(AB-CA)
=-1/2(BC-AB)
=-1/2(CA-BC)
Adding these three, we get the resultant as 0.So the forces are in equilibrium.
Example 3ABC is a triangle. G is its centroid and is any point in the plane of the triangle.

Show that the resultant of forces represented byPAPBPCis 3PGand find the position of P, if

the three forces are in equilibrium.

Let O be any base point. Then it is evident that
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PA=PB + GO+0A
PA =3 PG+3 GO+ OA+0OB + 0C)
=3 PG — 30G +3(0G)
=3 PG
This becomes zero and the forces are in equilibrium when P coincides with the centroid G.

Example 4:ABC is a triangle and D,E,F are the midpoints of the sides.Forces represented by
AD ,2/3 BE and 1/3 CF act on a particle at the point where AD and BE meet.Show that the
resultant is represented in magnitude and direction by 2AC and that its line of action divides

BC in the ratio 2:1 .

Since D is the midpoint of BC,AD = Y; (AB+AC),etc.So

resultant = AD + 2/3 BE + 1/3 CF
1, = 21 11 =

N | =

(AE—CK)+§(—AE+BC)+%(CK—BC)
CABA 4B ANy oAyl
=AB(;—;)+BC(G—2)+CA(5 +2)
=1/6 [AB + BC + CA] - 1/2 CA
=1/6[0] + 1/2 AC

Thus ,the resultant is 1/2 AC parallel to the side AC and it passes through the centroid
which is the meeting point of the medians AD, BE.

Let the resultant intersect BC at P. Then GP is parallel to AC and

BP BG 2

PC~ GE 1
because BG: GE = 2: 1.
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Example 5. Find the magnitude and direction of the resultant of three coplanar forces P,

2P, 3P acting at a point and inclined mutually at an equal angle of 120°.

Considering only P, P, P, from the given forces we see that their resultant is zero since they
are equally inclined to one another. So ,the remaining forces are 2P, P as in the second

figure. Their resultant is
V(4P? + P? — 4P? c0s 120°) = V3 P.

If the resultant makes an angle 6 with the given force 3P, then

(Psin120°) 1

(2P + P cos 120°) V3 or 8= 30%

tan 0 =

Example 6. Three forces proportional to the sides of a triangle act at the vertices towards

and perpendicular to the corresponding sides. Prove that the forces are in equilibrium.

Let ABC be the triangle and AD, BE, CF its altitudes. Then the given forces are of the form
AaAD, \bBE, Ac CF,

These forces concur at the orthocentre. So their resultant acts through the orthocentre.

This resultant is
A(@AD,bBE,cCF)). (1)

Multiplying this scalarly by BC, we get
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A{a(0) + b cos(90° — C) + ¢ cos(90° + B) }
orA(b sin C — ¢ sin B).
This quantity vanishes because we have

b o
sinB ~ sinC

So the vector (1) either vanishes or is perpendicular to BC. Similarly, it either vanishes or is

perpendicular to CA. It cannot be perpendicular to both BC and CA. So it must vanish.

Remark. Three forces proportional to the sides of a triangle acting perpendicular to the sides

at their midpoints, are in equilibrium.

In this case the forces meet at the circumcentre S. If D, E, F are the midpoints of the sides, the

resultant is
MaDS+AbES+ACEYS).
Multiply this scalarly by BC, etc.

Example 7. S and H are the circumcentre and orthocentre of a triangle ABC. Show that

(i) the resultant of the forces SA ,SB, SC , acting at S is SH,

(ii) the resultant of the forcesHA ,HB, HC acting at H is 2HS.

A

Let M be the midpoint of BC. Then M divides BC in the ratio 1:1. So

SB+ SC
2

SM=

SB+SC=2SA

Similarly, we have

HA +HC =2HM

But we know, from geometry, that AH is parallel to SM and AH = 2SM. So
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AH =25M

(i) 54 +SB+SC =S4 +25M

(i) HA+HB+HC=HA+2HM

=2MS +2HM

=2(MS +HM)

=2(HM +MS)

=2HS

1.5 Resultant of several forces acting on a particle :
Bookmark 1.4 .To find the resultant of coplanar forces using their components .
Let us find the resultant of the forces Fy, Fa, ....... ,Fn.Now the resultant is
Frt Fot ... +Fn=XT+YJ, say
Multiplying this scalarly by 1,

—

Fi-i+F i+-+FE -1=Xi-1=X
NOWF{ - fis the component of f;in the 1 direction.So X is the sum of the components of the
forces in the 1 direction.Similarly Y is the sum of the components of the forces in the j

direction.Now the magnitude of the resultant is

| Xi+ Y] |= /X2 + Y2

and the angle between the resultant and the 1 direction is

Y
 (3)
an™" | ¥

EXAMPLES
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Example 1: Five forces acting at a point are represented in magnitude and direction by the
lines joining the vertices of any pentagon to the midpoints of their opposite sides. Show that

they are in equilibrium.

Let ABCDE be the pentagon and A’, B’, C’, D', E’ be the midpoints of sides opposite to A, B,
C,D, E.Let

Then

-

d+b+c+d+é=0
Now considering the force ﬁ, we have
— —_— —_— — N - 1 N
AA =AB+BC+CA=a+b+§c
7 1 - ' - k1 -
YAA =§(a+b+c+d+e)=0
Hence the forces are in equilibrium.

Example 2: E is the midpoint of the side CD of a square ABCD.Forces 16, 20, 415, 12V2 act
along AB, AD, EA, CA.Show that they are in equilibrium.

el EE c

~I
—

qy

All the forces act through A.Let 1, j be the unit vectors along AB, AD.If AB = a, then
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So the unit vectors along EA, CA are

1,\_,\ _/\_/\
Resultant= 161 + 20§ + 4V5 | 2= | + 12\/2( ‘ ’)

2
V5
=3(16 —4—-12)+j(20 —8—12) = 0

ra) " 1/\ n " n
=16l+20]—4\/§( )(§l+])—12(1+])

Hence the forces are in equilibrium.
1.6 EQUILIBRIUM OF A PARTICLE
1.6.1 Equilibrium of a Particle

When the resultant of the forces acting at a point is zero, then the forces are said to be in

equilibrium. In this case the particle is at rest in spite of the forces.

1.6.2 Equilibrium of a Particle under Three Forces
First we consider cases in which a particle is in equilibrium under the action of three forces.

Bookwork 1To show that, if three forces keep a particle in equilibrium, then the forces are

coplanar.
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Let the forces F;, F5, F5 keep a particle in equilibrium. Then the resultant force on the particle
isFi+F,+F3
Since the particle is in equilibrium,
Fi +F2 + F3=0
Let n be the unit vector perpendicular to both Fi and Fz. Then
A. F1 =0 A. F2=0
Now, multiplying (1) scalarly by n, we see that
A. (Fi+F+F)=0  orA.F +A. F. + A.F5=0
ButAi. Fi=0 and . F»=0 .Sofi. F3=0which means that F; is also perpendicular to n.

Therefore, Fy, F, and F; are coplanar.

Bookwork 2 (Triangle of Forces)If three forces acting on a particle can be represented in
magnitude and direction by the sides of a triangle, taken in order, then the forces keep the

particle in equilibrium.
Let the given forces be represented in magnitude and direction by the sides AB, BC, CA of a
triangle ABC. Then the forces are

AB,BC,CA

Their resultant is
AB + BC + CABut by vector theory,

AB + BC + CA = 0Hence the resultant force acting on the particle is zero.

So the particle is in equilibrium.

Bookwork 3 (Converse of Triangle of Forces)If a particle is kept in equilibrium by three
forces, then the forces can be represented in magnitude and direction by the sides of a triangle,

taken in order.
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Let the given forces be F;, F,, F3.They keep the particle in equilibrium. So their resultant is

zero. Hence,

ﬁl + ﬁz + ﬁ3 =0
or
ﬁl + ﬁz = _ﬁ3
Let AB, AC denote ﬁlin magnitude and direction.Complete the parallelogram ABPC. Then BP
denotes ﬁzand AP denotes ﬁl + ﬁzin magnitude and direction.Butﬁl + ﬁz = —ﬁ3.So AP

denotes _ﬁg. Hence PA denotes ﬁg.ThiS completes the proof.

Polygon of Force: It can be easily seen that if several coplanar forces acting on a particle can
be represented in magnitude and direction by the sides of a polygon, taken in order, the forces

keep the particle in equilibrium.This result is called the polygon of forces.

Converse of Polygon of Forces: The converse of polygon of forces is that:
If a particle is kept in equilibrium by forces, then they can be represented by the sides of an n-

sided polygon.To prove the truth of this, let us consider, in particular, six

forcesﬁl, ﬁz, ﬁ3, Ii, 13"5, ﬁ6which keep a particle in equilibrium.Because of equilibrium,

ﬁ1+ﬁ2+ﬁ3+ﬁ4+ﬁ5+ﬁ6:0 (1)
Take points A, B, C, D, E, F such that

E:ﬁl,ﬁzﬁz,C_D):ﬁ?ﬂﬁ:ﬁL},ﬁ:ﬁs

Now, from vector theory, we have

AB+BC+CD+DE+EF+FA=0 (2)
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From (1) and (2), we get_FTéf = 136This completes the proof.

Lami’s Theorem:The following bookwork is an important one. This is called Lami’s

theorem.

Bookwork 4:If a particle is in equilibrium under the action of three forces P, Q, R, then show

that

P Q R
sina sinf siny

Whereais the angle between Q and R,fis the angle between R and P,yis the angle between and
Q,and| P |= P, etc.

The forces keep the particle in equilibrium. So they are coplanar and their resultant is zero.

Hence,
P+Q+R=0
Multiplying this vectorially by P ,
PxP+PxQ0+PxR=0 (1)

Let 7ibe the unit vector perpendicular to the forces such thatﬁ, (j, fiform a right-handed

triad. Then (1) becomes

0+ PQsiny i + PRsin B(—n) = 0
(PQsiny — PRsinB)ii =0
PQsiny — PRsinf8 =0 or PQsiny = PRsin

R
? X 2)

sinf  siny

Similarly, the vectorial multiplication ofP + 6 +R=0 by 6 gives

P R
= €)

sina siny
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From (2) and (3), we get

p Q@ R
sina sinf siny

Remark: If four forces F;é,,F,é,, F3é;3, F,é,acting on a particle keep it in equilibrium,

whereé;, é,, é;, é,are unit vectors, then

Fy F F3 Fy

[é2é3é4] B [é1é3é4] B [é1é2é4] B [é1é2é3]

because multiplying F;é; + F,é, + F;é; + F,é,=0 scalarly by é; X é,, we get

Fp Fp

Filé,é5é,]+F,[é,é38,]=
1[61638,4]+F,[é,858,]=0 Or[ézé3é4] [616:64]
1.6.3 Equilibrium of a Particle under Several Forces

Now we study the situation in which a particle is in equilibrium under three or more forces.

Bookwork 5: To prove that the necessary and sufficient conditions for a system of coplanar
forces to keep a particle in equilibrium is that the sums of the components of the forces in two

mutually perpendicular directions in the plane are zero.
Necessity Part: Let the forces beﬁl, ﬁz, e ﬁn.Then the resultant force acting on the particle is

F,+F, +-+F,

So, if the particle is in equilibrium, then

Fi+F, ++E =0 (1)
Let 1, j be the unit vectors in two perpendicular directions.Multiplying (1) scalarly by 1 and j,

(Fi+F,++E) i=0(F+F++E)-j=0

otFy i+ Fy i+ -+ FE - 1=0F -j+F-j+—+F-j=0

This proves the necessity part that:

If the particle is in equilibrium, then the sums of the components of the forces in two mutually

perpendicular directions are zero.

Sufficiency Part:Now we have that the sums of the components are zero. That is,

-

Fo-i4+F,-i+-+E-i=0
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These imply that

Fi+F,++E) i=0(F+F++FE)-j=0
That is, the resultant force is either perpendicular to both i and j or is a zero force.

The perpendicularity cannot happen. Thus
EXAMPLES

Example 1. I is the incentre of a triangle ABC. If forces of magnitudes P, Q, R acting along the

bisectors 1A, IB, IC are in equilibrium, show that

P Q _ R

cos(A/2) cos(B/2) cos(C/2)’

The forces P, Q, R act at I and are in equilibrium. So we shall use Lami’s theorem.

The angles opposite to P, Q, Rare£BIC, 2CIA,£AIB

e = e s (D
sinBIC  sinCIA sinAIB "~

Now, from ABIC,
£BIC =180°— (B/2 + C/2)
sin BIC = sin(B/2 + C/2) = sin(90° — A/2) = cos(A/2)

Similarly, sin CIA = cosB/2, sin AIB = cosC/2.Thus (1) becomes

P _ Q@ _ R
cos(A/2) cos(B/2) cos(C/2)

Example 2. I is the incentre of a triangle ABC. If the forces IA, IB, IC acting at I are in

equilibrium, show that ABC is an equilateral triangle.
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In the previous example we have the forces P, Q, R. Instead of them, now we have Al,

BI, CL

Al BI CcI

cos(A/2) - cos(B/2) cos(C/2) " (1

But, if r is the radius of the incentre, then

r . Ar .. B r . C
—=SIN—-,—-=SIn—-, —-=SIn—-
Al 2°BI 2 CI 2

On eliminating Al, BI, CI from (1), we have

1/ (sin(A/2) cos(A/2)) =1/ (sin(B/2) cos(B/2)) =1/ (sin(C/2) cos(C/2))

11 1
“sinA sinB sinC

1.e
which implies that A=B=Cand so the triangle is equilateral.

Example 3. O is the orthocentre of triangle ABC. If forces of magnitude P, Q, R acting along
OA, OB, OC are in equilibrium, show that

Q|'v
S| Q

o I

The forces P, Q, R act at O and are in equilibrium. So we shall use Lami’s theorem.

The angles opposite to P, Q, Rare ZBOC, 2COA, £AOB.

P _ Q _ R
sin BOC ~ sin COA  sin AOB’

If AD is the altitude through A,
£BOD =C, 2£COD =B.
Since CBE = 90° — C, etc.

+«BOC=B+C.
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sin BOC = sin (B + C) = sin (180° — A) = sin A.
Similarly, sin COA = sin B, sin AOB = sin C. Thus we get

P Q _ R

sinA  sinB sinC’

But by sine formula, sin A: sin B: sin C = a: b: c.

Q|

Q
b

a Hl'iu

Example 4. Three forces of magnitudes P, Q, R acting at a point being parallel to the
sides of a triangle are in equilibrium. If another set of forces of magnitudes P’, Q’, R’ acting at

a point parallel to the sides of the same triangle are also in equilibrium, show that

Let ABC be the triangle. Then the forces acting at the first point are PBC , Q CA, R AB
. Since they are in equilibrium,
P-BC+Q-CA+R-AB =0.
Similarly, for the second case,
P"BC + Q"-CA+R"-AB =0.
These two relations can be rewritten as
“BC +2CA=—AB,~ BC +2 (A =-AB
Eliminating AB by subtraction,
G =) BC G = ) CA=0
If a and b are two non-parallel vectors and | -a + m -b =0, then 1 = 0 and m=0.So

P P Q 0
R 'RF "R R

These leads to the result as stated.

Example 5. Weights W, w, W are attached to points B, C, D, respectively of a light string AE
where B, C, D divide the string into 4 equal lengths. If the string hangs in the form of 4
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consecutive sides of a regular octagon with the ends A and E attached to points on the same

level, show thatW = (V2 + 1) w.

Let ABCDE be the lower half of the octagon. Each side of the octagon subtends at the centre

O an angle

180°
-, or 45°

Now triangles OAB, OBC, OCD, ODE are isosceles triangles with vertical angles 45° and the

base angles 67'4°. The figure is self explanatory.

The forces at C are w and the equal tensions T, T (equal due to symmetry).The angles

opposite to w and T are
£BCD, £BCW or 67'2° + 674°, 180°— 67'2°.

So, by Lami’s theorem,

w o T or
sin(67%°+67%°)  sin(180°-67%:°)

w T

sin135°  sin67%°

The forces at B are W, T, Ti. The angles opposite to W and T are
2ABC, ZABW or 672° + 67'2°, 180°— 2214°

w T

sin135°  sin22%°

Dividing (2) by (1), we get

W __ sin 67%° _cos 22%° 1

w sin22%°  sin22%°  tan221°
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_ 1 V241
V2-1 V2-1

=V2+1

AW=(2+ 1w

Example 6.A heavy bead of weight W can slide on a smooth circular wire in a vertical
plane.The bead is attached to a light thread to the highest point of the wire, and in
equilibrium,the thread is taut and makes an angle 0 with the vertical. Show that the tension of

thethread and the reaction of the wire on the bead are 2W cos 6 and W.

Let A be the highest point of the circle, O the centre and P the bead.It is given thatZOAP= 0.But
OA = OP and so AOAP is isosceles. Thus2ZOPA = 0.Now the forces on the bead are

(1) Tension T

(11) Normal Reaction R

(ii1) Weight W

The angles opposite to them are

20°, 180° -6, 180°—6

Therefore, by Lami’s theorem, we have

T R w

sin 20° _ sin(180°—0) _ sin(180° — 0)

T R w T
=——=——0r =R=W

sin 20° sin® sin@ =~ cos®

T=2Wcosf ,R=W

Example 7. A bead of weight W is free to slide on a smooth vertical circle and is connected by
a string whose length equals the radius of the circle to the highest point of the circle. Find the
tension of the string and the reaction of the circle.
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In the previous example AP was not given. But now AP = radius. So AOAP is equilateral and

thus 0 = 60°. Therefore

T _ R _ W
sin 120°  sin120°  sin120°

or T=R=W.

Example 8. A string ABCD hangs from fixed points A, D carrying a mass of 12 kg at B and a
mass of m kg at C. AB is inclined at 60° to the horizontal, BC is horizontal and CD is inclined

at 30° to the horizontal. Show that m = 4.

First method. Let the forces acting on the system be T1, T2, T3, 12g, mg as shown in the

figure. By Lami’s theorem, for the forces at B,

T2 12g 12g
- == or 2=
sin (90°—-60°) sin(180°—-60°) tan 60°

But, for the forces at C, we have

T2 mg mg
- =— or Tr=
sin (90°+60°) sin(180°-30°) tan 30°
. I 12 of m= 12
“tan30°  tan 60° RENE

Second method: Using the same figure, considering the horizontal and vertical components

for the forces at B, we get

T, = Tyc0s60°,Tycos30° = 12¢g

Eliminating T;, we get

T, = 129 60°
27 cos 30°COS

Similarly, for the forces at C, we have

T, = T5co0s 30°,T3c0s 60° = mg
_ mgcos 30°
27 cos60°
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Equating the values of T,, we get m=4

Example 9Two fixed smooth bars AB, AC in a vertical plane are each inclined at 30°to the
vertical. The ends of a light string are tied to two rings each of weight wwhich slide on the
bars.From the midpoint of the string is hung a weight W .Prove that, in the position of

equilibrium, each half of the string will make an angle 8with the vertical given by

W + 2w

tan @ =T\/§

Forces on 3 ring ? = :
Forces at the midpoint

The forces acting on each ring are tension Tinclined to the vertical at an angle 6, normal

reaction R perpendicular to the rod, and weight w.Resolving along the rod downward,

wcos 30° + Tcos(6 +30°) =0 (1)
The forces acting at the midpoint of the string are the tensions Tand Tand the weight

W .Resolving them vertically downward,

W —2Tcos8 =0 ..(2)

Eliminating T, we get

wcos 30°(2cos8) + Wcos(6 +30°) =0

or
2wcos 30°cos 8 + W (cos 8cos 30° — sin Osin 30°) = 0
or
2w+ W (1 —tan6tan30°) =0
or

Wtan 6tan 30° = 2w+ W

2w+ W
~tand = —+/3
an W V3
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Example 10: A particle C of weight W is in equilibrium being supported by two strings CA,
CB of length 4a, 3a respectively and acted on by a horizontal force W in the plane ABC.

If the ends A, B are at the same level and at a distance 5a apart, show that the tensions in the

. W W
strlngsare? 5

Since(4a)? + (3a)? = (5a)%

2ACB =90°

If CA is inclined to the vertical at an angle a, then

3 4
cosa=rz,sina =g

If T,and T,are tensions along CA and CB, resolving horizontally to the right and vertically

upwards,

Tycosa —Tisina+W =0
Tysina + Tycosa —W =0

Substituting the values of cos aand sin aand simplifying,

3T, — 4T, + 5W =0
AT, + 3T, —5W =0

Solving these, we get

_— W T - w

1= 5 y 12— 5
Example 11: A weight is supported on a smooth plane of inclination aby a string inclined to
the horizon at an angle y.If the slope of the plane be increased to fand the slope of the string

be unaltered, the tension of the string is doubled.Prove that

cota — 2cotf =tany
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The forces acting on the particle are:

i. Normal reaction R
il. Weight W
iii. Tension T
Considering the vertical components, we have

Rcosa + Tsiny =W

or

Rcosa =W —Tsiny ...(1)

From the horizontal components, we get

Rsina = Tcosy ...(2)
Dividing (1) by (2), we get

ta = w t 3
co a_Tcosy any ...(3)

Whenabecomes [, Tbecomes 2T.So,

cotf =

2Tcosy —tany ...(4)

(3) —2(4) > cota — 2cot = tany

1.7 LIMITING EQUILIBRIUM OF A PARTICLE ON AN INCLINED PLANE

Bookwork 6.Suppose a particle of weight W lying on a rough plane inclined at an angle a to
the horizontalis subjected to a force P along the plane in the upward direction.If the equilibrium

is limiting, to find P.
Now the following two cases of limiting equilibrium arise:
(1) The particle has a tendency to slide up the plane.
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(i1) The particle has a tendency to slide down the plane.

Case (i) Now it is enough to consider the Forces acting along the particle along the plane: They

are
(1) Component of weight W sin a down the plane

(ii) P up the plane

(111) Frictional force F down the plane

where F has its maximum value so that

F=pR or F= (W cos a)

Where p is the coefficient of friction Thus, in this case:
P =W sin o + ForP = W sin a + w(W cos o).

Case (ii)In the case in which the particle has a tendency to move downward,the frictional force

is up the plane and hence we have:
Wsin a =P + uW cos aorP =W (sin o — L cos o).

Bookwork 7.Suppose a particle of mass m is placed on a rough inclined plane inclined at an
angle ato the horizontal and a force of magnitude S acts on it in a direction making an angle

Owith the plane. If the equilibrium is limiting, to find S.
Now the following two cases of limiting equilibrium arise:
(1) The particle has a tendency to slide up the plane.

(i1) The particle has a tendency to slide down the plane.

Case (i): Let the particle have the tendency to move up the plane.In this case the forces acting

on the particle are:

(1) S, the applied force

(i1) R, the normal reaction normal to the plane
(ii1) uR, the frictional force down the plane
(iv) mg, the weight
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where p is the coefficient of friction which is equal to the tangent of the angle of friction A.That
1S,
[ =tan A.

Now considering the components of these forces along the plane and normal to the plane,both

in the upward sense,
ScosO—pR—mgsina=0
Ssinf+R—mgcosa=0

Elimination of R gives:

S (cos O+ pnsinB) —mg (sin o+ pcos a) =0

_ mg (sina + pcos )
(cos 8 + psin 0)

__ mg (sin o + tan A cos a)
(cos 6 + tan A sin 0)

__ mg (sinacos A+ sin A cos )

(cos 6 cos A + sin A sin 0)

__ mgsin (o +A)
cos(60-1)

If 0 is unaltered and S is increased, then the particle will slide up the plane.

Minimum S:In the above expression, m, o and A are constants.So S is a minimum when the
denominator cos (6 — A) is a maximum,i.e., when 6 — A = 0 or 6 = A.Hence the force required
to drag the particle up the plane will be the leastwhen it is applied in a direction making an

angle equal to the angle of frictionwith the inclined plane.

Case (ii): Let the particle have a tendency to move down the plane.In this case the frictional
force pR is in the upward sense.Here the corresponding value of S can be obtained directlyfrom

the above working by simply changing p into —p. Thus we get:

_ mgsin (a —A)
cos(6+4)

Remark:In the above two cases the involved forces are four in number.If, however, instead of

R andpR, their resultant, namely the reaction, is considered,then there will be only three forces
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and so Lami’s theorem can be used to find S.The reaction is inclincedto the normal at an angle

A

Examples

Example 1: A body of weight 4 Kg rest in limiting equilibrium on a rough plane whose slope
is 30°.If the plane is rise to a slope of 60°.Find the force along the plane required to support the
body.

Solution

In the first case the body has a tendency to slide down, so the force on the body along the plane

are:
1) Component of weight = 4 sin 30° down the plane.

i1) Limiting friction pR, i.e., p x 4 cos 30° up the plane.
4 sin 30° = p % 4 cos 30°

1= sin 30° / cos 30° = tan 30° =1/ \/3

When the inclination of the plane is increased to 60°,also the body has a tendency to slide

down,so the force along the plane are:
1) Component of weight down the plane = 4 sin 60°
i1) Limiting friction p X 4 cos 60° up the plane.

111) Supporting force P up the plane

6-2 4

BEEERE

Example 2 A particle rest on a plane inclined at 45° to the horizontal, being supported by a
string along the line of greatest slope. If the ratio of the maximum and minimum tensions

consistent with equilibrium is 2 : 1, find the coefficient of the friction.

When the body has tendencies to move down and up.
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Let the tensions be T1, T2~ T2 =2T;

Hence wsin45°=p (w4 cos45°)+Tioeeviiiiiiiiiiinniianann.. (D)

Hence wsin45°+p(w4cos45°)-To=2T1 .o, (2)
Where W is the weight of the particle andp is the coefficient of friction.

from 1 T1= w sin 45°-p (w 4 cos 45°)

w sin 45° +pu w cos 45°=2(w sin 45° -pu w cos 45°)

U w cos 45°+2 uw cos 45° =2 w sin 45°- w sin 45°

3 uw cos 45° =w sin 45°

_ sin45°

1
=—tan 45°
3c0s45° 3

1
3

Example 3:A particle is placed on a rough plane whose inclination to the horizon is a and is
acted on by a force P, parallel to the plane and in a direction making an angle B with the line of
greatest slope in the plane. If the coefficient of friction is p and the equilibrium is limiting, find

the direction in which the body will begin to move.

Leaving out the normal reaction, we have along the plane forces:
1) P along OB say

i1) Component of weight W sin a down the plane along OA

ii1) Limiting friction.

The angle between the first two is 180° — f3.

So the resultant of these two is along OC inclined at OA at an angle 0, namely.

P sin(180°—f)

O=tan’!
Wsina + P cos(180°—f3)

P sinf3

O=tan!'——
Wsina + P cosf

The third force which is the limiting friction will be opposite to the direction.

So the body will have a tendency to move in the direction OC
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Example 4: Find the least force required to drag a particle on a rough horizontal plane and
show that the least force acts in a direction making with the horizontal an angle equal to the

angle of friction.

Let a force of magnitude F be applied to the particle in the direction which makes an angle
Owith the horizontal. If this force is such that the particle is in the limiting equilibrium then the

other forces acting on the particle are,
1) The weight mg vertically downward

ii) the reaction P which makes an angle Awith the normal, where Ais the angle of

friction.

Now,by Lami’s theorem.

F . mg o P
sin(180°-1) sin(90°-0+A) sin(90°+6)

_sin(180°-21)
sin(90°-6+A)

__ mgsind
cos(—0+1)

Here Ais a constant . Hence F is a minimum when cos(—6 + 4)is a maximum

i.e, the minimum F is obtained from A — 8=0 or A=0 which is the angle of friction.

EXERCISES
1. Two like parallel forces of magnitude P, Q act on a rigid body. If the second force is

moved away from the first parallelly through a distance d, show that the resultant of the

. d
force moves through a distance %.

2. Find the magnitude and the line of action of the resultant of parallel forces of magnitude
3, 6, 8 in one direction of magnitude 12 in the opposite direction acting at the points A,

B, C, D in the straight line where AB=10, BC=30 and CD=50.
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UNIT 11
FORCES ON A RIGID BODY

2.1 MOMENT OF A FORCE

Moment of a force.

Let F be a force and A, a point on its line of action. Let O be a point in space. Then the vector
O0AXF
is called the moment ofFabout 0.
Remark 1.The above moment is independent of the position of A on the straight line
because, if B is any other point on the line, then
OBxF=(0A+AB) xF
Remark 2.If the moment ofF about 4 is zero, then either
i. F=0or
ii.  The line of action of F passes through A.

Moment of a force about a line
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Let F be a force and A, a point on its line of action. Let [ be a directed line through a
point0, the direction of the line being specified byé. Then the scalar triple product
(OAXF)-é
is called the moment of the forceFabout L.

Scalar moment

Let F be a force in a plane. Let A be a point on its line of action and O, any point in
the plane. Let ON be the perpendicular from O to the line and
ON =p.
Then the moment of Fabout O is
OAXF =0A-F-sinf-fA = pFA,
where 6 is the angle between OA and F,and 7 is the unit vector perpendicular to OA, F such

that OA, F, fi form a right-handed triad. Now we call pF the scalar moment of F about O.

The scalar moments of F;, F,, F5 in the first figure are
P1F1, p2F2, D3k
which are positive, and the moments of F,, F5, Fy in the second figure are
—P4Fy, =DsFs, —peFe
which are negative. The first three forces are such as to cause on a rigid body a rotational
motion in the anticlockwise sense and the other three to cause a rotational motion in the
clockwise sense.
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EXAMPLES
Example 1. Forces of magnitudes 3P,4P, 5P, act along the sides BC, CA, AB of an equilateral
triangle of side a. Find the moment of the resultant about A.

The moment of the resultant about A equals the sum of the moments of the individual
forces about A. But the forces 4P, 5P pass through A. Sotheir moments about A are zero. The
moment of 3P, which passes through B, is

AB x (3PBC) = AB - 3P - sin 180°#
V3

=a-3P —n
a ZTL

So this is the moment of the resultant about A.

Example 2. If [, m, n are the moments of a force F in a plane about three non-collinear points
A, B, C in the plane, show that the line of action of F divides AB in the ratio [ : m. Deduce

that, if [, m, n are given, then F can be found completely.

A

B'

A'

Suppose [, m, n are positive. Then A, B, C lie above the line of force if the force is from
left to right. Let the line of force meet AB at P and A’, B' be the feet of the perpendiculars from
A, B to the line of force. Then

AA' X F =1,
BB' X F =m.

AA l AP l
w—=—So—=—.

‘BB m PB m

That is, P is the point which divides AB externally in the ratio [ : m.
Similarly, if Q is the point which divides BC externally in the ratio m : n, then PQis the line of
force.

Since AA" X F = [, finding AA’, we get Falso.
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Example 3. One end of a rope of 20 m is to be fixed to a telegraph post and the other end is to
be pulled by a man on the ground with a constant force F. To cause the maximum effect to

overturn the post, at what height the rope is to be fixed?

P -

LetOP be the post, AB the rope and
20AB = 6.

Let OL be the perpendicular on AB. Now the post is to overturn about O. So the man should
aim for the maximum moment of F about O. But the moment isOL X Fand it is a maximum
when OL is a maximum. But
OL = OAsin @, from AOAL
= (AB cos 8) sin 8, from AOAB

=1/, ABsin 26
which is a maximum when26 = 90° or @ = 45°. In this situation

. o _ i
OB = AB sin 45 —ZOX\/E.

Note. Whatever be the length of the rope, 8 should be 45°.

2.2 GENERAL MOTION OF A RIGID BODY

In this section we extend Newton’s laws of motion, N.1, N. 2, N. 3, to the motion of a
rigid body.

Rigidbody.A system of particles such that the distance between any two of them is
always constant, is called a rigid body.

Applied forces.Forces applied on a body by external agencies are called applied forces
on the body.

Effective forces.If a particle of mass m has an accelerationr, then the quantityis called

the effective force of the particle.
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With this nomenclature we have that the equation of motion of the particle,mr = Fis

that

{The effective force } _ {The applied force }
on a particle ~ | on the particle

Equations of motion of a rigid body

The general motion of a rigid body is a composition of the motion of translation of the

mass centre and the motion of rotation of the body about the mass centre. The equations of

these two component motions are obtained in the following bookwork.

Bookwork 4.1. The bookwork has the following two parts:

(i)

(if)

The mass centre of a rigid body of mass M moves as if it is a particle of mass
M acted on by the applied forces on the rigid body, moved parallelly and made
act on it.

The motion of a rigid body relative to the mass centre G is governed by the

equation
Sum of the moments of Sum of the
the effective forces, relative ( _ ) moments of the
to G, of the constituent ) applied forces

particles, about G about G

Let us make the following assumptions:

my,my,msy - Masses of the particles constituting the rigid body

M Total mass m; + m, + mz + ---

71, Ty, T3+ P.V’s of m;,m,,ms --- with reference to a fixed point O
FijGi#)) Force exerted on m; by m; due to their mutual contact
Fy; Applied force on m;, including the forces due to

externalconstraints

Fll + FZZ + F33 + A

My T+m, T+

P.V’s of the mass centre G of the rigid body, ”
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Proof of (i). Now, by N.3, Fij and Fﬁare equal in magnitude but opposite in

direction.So,

The equations of motion of m,,m,,m5 -+ are

mlfl = Fll + FIZ + F13 + -
mzfz = FZI + Fzz + Fzg + -
m3F3 = F31 + ng + Fgg + -

When these equations are added, using (1),
mlfl + mzr_z + = Fll + FZZ +..=F.

Thus we get that
Sum of the effective forces = Sum of the applied forces. ...(2)
But m,7; + m,7; + -- = MR. Therefore
MR =F. ..(3)

Since R is the acceleration of the mass centre, we obtain the first result as stated.
Proof of (ii). Since F; ; and F'jl-are equal in magnitude but opposite in direction and act

along the same line, their moments about O are equal in magnitude but opposite in direction.

So
Now the equation of motion of m; is

mt, = Fyy + Fp + - = Z F;
j

Multiplying this vectorially by;,
7, X m;T, = 7; X ZF Z X Fi;
J

Adding all such equations corresponding to m,,m,,ms -+,
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Srocmit =Y

L
But, in virtue of (4), the terms in the double summation get cancelled in pairs with the exception
of the terms which involve the applied forces. So the equation reduces to
Y xmt, = X7 X Fy. -..(5)

Thus, in words,

of the effective forces
about a fixed point O

...(6)

The sum of the moments } {The sum of the moments of}

the applied forces about O

Suppose §; is the position vector of m; with reference to G. Then
7, =R +5;.
Now (¥ m;5;)/M is the P.V. of the mass centre G with reference to G itself. So it isO and

hence) m;5; = 0. Now (5) becomes
Y(R +5;) X mi(i_é + EL) =X(R+5) X Fy.

ie,(EMmOR X R+ Rx (Em;E) + Em5) X R + X(5; x m;§)

=R % Z ” Z(sl x F;;)

SinceYm; = M, Y F; =F, MR = F,¥m;5, =0, Y m;§, =0,
ZS_'L' Xmﬁl :Z‘é_:LXFii- (7)

From (7) and (5) it may be noted that the motion of the body relative to the mass centre is the
same as it would be if the mass centre is fixed and the same forces act on the body at the same
points.

Conditions following equilibrium of a rigid body

If the applied forces keep the rigid body in equilibrium, then the mass centre of the

body is at rest and so the Velocityf? and accelerationR of G are zero and, thus, from (3), we get
that
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The sum of the applied forces = 0. ...(8)
Also, the body does not have a rotational motion. Thus, from (5) and (7), we get that

The vector sum of the moments of the } =3 9
applied forces about a fixed pointor G) = -9

From (8) and (9) it is evident that, if a system of forces keeps a rigid body in

equilibrium, then:

Q) The sum of the components of the forces in any direction is zero; and ...(10)
(i) The sum of the moments of the forces about any line through a fixed point or G is
Zero. ...(11)
Kinetic energy of a rigid body
Kinetic energy. The kinetic energy of a particle of mass m moving with a velocity v is
1/ 2 mv?.If the position vector of a particle is 7, then this kinetic energy can be written as
1 QMI.T.
Kinetic energy of a rigid body. Let T be the kinetic energy of the rigid body. Then,

with the notations used in the previous section, we have:

mass M moving with due to its motion

K. E. of a particle of K.E. of the body
{ H }...m
the mass centre relative to the mass centre

2.3 EQUIVALENT (OR EQUIPOLENT) SYSTEMS OF FORCES
Now we define equivalent systems of forces which are otherwise called equipollent

systems of forces.
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Definition. Two systems of forces which produce the same motion on a given rigid
body are equivalent or equipollent. So, from the equations of the motion of the mass centre
andmotion of the body about the mass centre, we get that two systems of forces are equivalent

or equipollent

(1 If the vector sum of the forces of one system equals the vector sum of forces of
the other systemand

(i)  If the vector sum of the moments of the forces of one system, about any fixed
point or the mass centre, equals the vector sum of the moments of the forces of

the other system, about the same point on the mass centre.

In symbols, the system of forces F; acting at 7; on a rigid body is equivalent to the system of

forcesF' ; acting at 7'; on the rigid body if

Ziﬁi=2jﬁlj

J

(1)

T

i
..(2)

Transmissibility of a force.It is evident that two forces equal in magnitude and
direction, acting on a rigid body along the same line but at different points, are equivalent. So,
a force can be transmitted, without altering its effect on the rigid body, to any other point on its
line of action. This is known as the principle of transmissibility of force on a rigid body.

Remark 1. Two forces F; and F, acting at the same point on a rigid body is equivalent
to a single force F; + F, acting at that point because the forces satisfy (1) and (2).

Remark 2. By the principle of transmissibility of a force, we get that, if the lines of
action of two forces F; and F, intersect, the forces are equivalent to a single force F; + F, at

the point of intersection.

2.4 PARALLEL FORCES
Computation of the resultant of two parallel forces is not as simple as the computation

of the resultant of two intersecting forces.

Parallel forces. Forces whose lines of action are parallel are called parallel forces. If
their directions are in the same sense, then they are called like parallel forces; otherwise, they
are called unlike parallel forces.
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Bookwork 4.2. To find the resultant of two parallel forces acting on a rigid body.

Case (i).Let the forces be like parallel forces, namely F;1 and F,1 acting at A; and A,
respectively, where T is the unit vector in the direction of the forces. Let é be the unit vector in
the direction ofA; A,.Introduce a force —Pé at A, and a force Pé at A,. Since these two forces
are equal in magnitude and opposite in direction and act along the same line, their introduction

will not affect the effects of the given two forces. Let

AlBl = Flf’ A2B2 = sz’ A1C1 = —Pé’ AZCZ — Pé.
Complete the parallelograms A, B1D, C; and A, B, D, C;.Then the resultant of the two forces F; T
and —Pé acting at A is

AlDl = Flf_ Pé

and the resultant of the forces F,7 and Pé acting at A, is:

AZDZ = sz‘l‘ Pé

If the lines A;D; and A, D, intersect at O, then the resultant of these two resultants is
AlDl +A2D2 = (Flf_ Pé) + (sz‘l‘ Pé)
= (Fl + Fz)f

acting at 0.Note that this resultant is parallel to the original forces.

Point of intersection of the resultant with A;A,. From the similar triangles

A OXAy,A A,B,D;,

0X _F
Xa =P ...(1)
Also from the similar triangles A OXA, and A A,B,D,,
0X _Fp
X4, P ...(2)
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Dividing (2) by (1), we get
XA, F
XA, F,

That is, the line of action of the resultant divides internallyA; A, in the ratio F, : F;.
Note. In sums this result may be used in the form
F, X XA, = F, X XA,.
Position vector of X. Let the P.V’s of A, A,ber;, 1,.Since X divides A, A, internally

in the ratio F, : F;, the position vector of X is

Case (ii). Let the given forces be unlike parallel forces F;7 and F,(-1),
(F, > F,), acting at A; and A, respectively.If we adopt the procedure followed in case (i), we
see that the steps of case (i) repeat with the only difference that instead of F,, they have —F,.
Thus we get that the resultant of the forces F;7 and —F,1 acting at A; and A, is

{F, + (=F)l
acting at the point which divides A, A4, in the ratio (—F,) : F;,that is, at the point which divides
A;A, externally in the ratio F, : F;.

Point of application of resultant of many parallel forces
Suppose that a system of parallel forces
Fit, F,1, F31, ... By T,
not necessarily coplanar, act at points whose position vectors are respectively
o, Ty Ty von T

Then the resultant of F;1, F,Tis (F; + F,)T acting at the point whose P.V. is
F,+F,
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The resultant of F;1, F,t, F5Tis (F; + F, + F3)T acting at the point whose P.V. is

(Fy + F2) Fi+F, + K373 or Firy + Fory + F3t3
(F,+F,) +F; Ei+F,+F;

Similarly, the resultant of the given forces and the P.V. of its point of application are
F1T_1 + Fzr_z + i + Fnr_n

Fi+Fy+ -+ E)i,
(1 2 Tl) F1+F2++Fn

Remark 1. If the forces of earth’s gravitation on a system of particles of masses
mq, m,, M3, ... Whose position vectors are 73,75, T3, ... supposed to be parallel, then the position
vector of the point, the centre of gravity, through which the resultant gravitation acts, is

mlgr_l + ngr_z + or mlr_l + mzfz +

m;g +myg + - my; +my + -
Centre of gravity, that is, the mass centre is dealt with later.
EXAMPLES
Example 1. Two like parallel forces of magnitudes P, Q, act on a rigid body.IfQ is
changed toP?/Q, with the line of action being the same, show that the line of action of the

resultant will be the same as it would be, if the forces were simply interchanged.

2
If the forces,P and %, act at A, B, then their resultant divides AB internally in the ratio

P2 P
e Por 0= lorP:Q...(1)

For the second case also, the ratio is the same P : Q.Further, all the involved forces and the

resultants are parallel to one another.

Example 2. If two like parallel forces of magnitudes P, Q,(P > Q), acting on a rigid

body at A, B, are interchanged in position, show that the line of action of the resultant is

AB(P-Q)

displaced through a distance
P+Q

Let AB = a and let the resultant intersect AB at a distance x; from A. Then,
xP =(a—x)Q
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Q
¢x1=§5mu)

If the distance in the second case is x,, then replacing P, Q with Q, P in (1),

aQ ~  _alP-0Q)
P+Q 2T T TPy

Xy =

Example 3. A rod AB of length a + b and weight W has its centre of gravity at a
distance a from A. It rests on two parallel knife edges C and D at a distance ¢ apart in the same
horizontal plane so that equal portions of the rod project beyond each knife edge. Prove that
the reactions of the knife edges on the rod, are respectively

b—a+c W a—b+c

, w
2C 2C

Let the projected lengths be x, x. Then
a+b=x+c+x or x=1/2(a+b—c).

The following forces act on the rod:

Q) Reaction R; at C vertically upwards
(i)  Reaction R, at D vertically upwards

(iii)  Weight W at G vertically downwards.

Since the rod is in equilibrium, the sum of the moments of the forces about any point is zero.

Taking moments of these forces about C,
a—x

—(a—x)W+cR,=0or R, = w

_a_1/2(a+b—c)W_a—b+cW
B c - 2c

2

Similarly, taking moments about D, we get R, as stated.
Example 4. A uniform plank AB of length 2a and weight W is supported horizontally
on two horizontal pegs C and D at a distance dapart.The greatest weight that can be placed at

the two ends in succession without upsetting the plank are W; and W, respectively. Show that
w; w, d

Wrw, WIw, a
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Let G be the mass centre and CG = x, GD = y.Let Ry, R, be the reactions at C,D.When

the greatest weight W, is placed at A, R, is just zero.In this situation taking moments about C,

(a—x)W, —xW =0 orx = s
w+Ww;
Similarly, in the other case, taking moments about D,
YW —(a—y)W, =0 or .'-y=a—W2
W+ W,

But x + y = d. So the result as stated.

Example 5.A round table of weight W stands on three legs whose upper ends are
attached to its rim, so as to form an equilateral triangle. Show that a body whose weight does

not exceed W may be placed anywhere on the table without the risk of tilting it.

Let AA;, BB, CC; be the legs. Let the diameter AD meet BC at E. The place where the
least weight should be placed to topple the table, is D. Suppose that, when a weight W' is placed

at D, the table is at the point of tilting. Under this situation the forces acting on the table are

0] The weight W at G vertically downward
(i) The weight W' at D vertically downward
(iii)  The reactions of the floor R, R at By, C; vertically upward.
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Though the table is on the point of tilting, it is in equilibrium. So the sum of moments of the
forces about any point is zero. If moments are taken about E,

Sum of the moments of] 0
the reactions R,R J

because EB = EC and, for the moments of W, W',
EG-W—ED-W =0orW=W'
because EG = ED since AG = r and GE = T/z.

Example 6.A square table stands on four legs placed at the middle points of its sides;
find the greatest weight which can be put at one corner of the table without upsetting it, the

total weight of the table and legs being W.

Let A, B, C, D be the upper ends of the legs. Let O be the centre of gravity of the table.
Let the diagonal QP of the table meet BC at M. Then
MB = MC, MO = MP
Let W' be the required weight to be put at P. At the moment of tilting the reactions on the legs
at A, D are zero. Taking moments of the other forces about M, the sum of the moments of the
equal reactions through B, C is zero and

MO.W —PM-W' =0 orW' =W.

2.5 Varignon’s theorem

In this section we bring in the relationship between the sum of the moments of any two
coplanar forces and the moment of their resultant.

Bookwork 4.3. (Varignon’s theorem).The sum of the moments of two intersecting or
parallel forces about any point is equal to the moment of the resultant of the forces about the

same point.
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Case (i). Intersecting forces.Let the lines of action of the forces F; and F, intersect at

A. Then the moments of F; and F, about any point O are

OA X F,,0AXF,
and their sum is

0A X F, + 0A X F,.

But the resultant of F; and F, is F; + F, acting at A. So its moment about O is

0Ax (F,+F,).
Since0A X F; + 0A X F, = 0A x (F; + F,), the theorem follows for the intersecting forces.

Case (ii). Parallel forces.

Let the parallel forces be F; = F;Tand F, = F,T acting at A; and A,.Let a,, a, be the
P.V.’s of A;, A, with respect to 0. Then, the moments of F;, F, about O are
G, X FiT, @, X F,T
Their sum is
a, X Fit+a, X F,1 = (F,a, + F,a,) X L. (D
But the resultant of F;7 and F,1T is (F; + F,)7 acting at X, where X divides A;A4, internally in
the ratioF, - F;.So the P.V. of X is

Fi +F,

So the moment of the resultant about O is
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F.a, + F,a,
Fi +F,

= (Flc_ll + cm_lz) X l_...(2)

0X x (F, +F,)T= x (F, + F,))t

From (1) and (2) we get the theorem for parallel forces.

Remark.Varignon’s theorem easily extends to any number of coplanar forces. Let
F,,F,, ..., F, be the given forces. Then
Mt. of(F; + F,) = Mt. ofF; + Mt. ofF,
Mt. of{(F, + F,) + F3} = Mt.of(F; + F,) + Mt. ofF,
= (Mt. ofF; + Mt.ofF,) + Mt. ofF,
= Mt. ofF; + Mt. ofF, + Mt. ofF;, etc.

2.6 Parallel forces at the vertices of a triangle
In this section we consider the resultant of three like parallel forces acting at the vertices
of a triangle.
EXAMPLES
Example 1.Three like parallel forces P, Q, R act at the vertices of a triangle ABC.Show
that their resultant passes through

Q) the centroid ifP = Q = R,
(i) the incentre ifP/a = Q/b = R/c.
Let @, b, ¢ be the P.V.’s of A, B, C. Then the resultant passes through the point whose
P.V.is
Pa+ Qb +Ré
P+Q+R

Q) If P = Q =R, then
Pa+Qb+Rc a+b+c¢
P+Q+R 3

which is the P.V. of the centroid.

i —Q_R_
(i) Ifg— = = k,then
Pa+Qb+Rc _ k(aa+ bb+ cc)
P+Q+R  k(a+b+0)
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_aa+bb+cc
 a+b+c
which is the P.V. of the incentre.
Example 2.Three like parallel forces P, Q, R act at the vertices of a triangle ABC. If

their resultant passes through the orthocentre O, show that

P _ Q _ R
tan A - tan B - tan C

AN

c

Let AD be the altitude through A. Now P acts at A. So the resultant of @, R should act
at D such that

BC R
o= 2D

But, from A ABD, A ACD,

AD AD
- tanB'CD “tanC
Substituting these values in (1), we get

Q R
tanB _ tanC s ete.
Example 3.Three like parallel forces P, Q, R act at the vertices of a triangle ABC. If
P Q R
tanA tanB tanC

show that the resultant of the forces pass through the orthocentre.

BD

Q. R act at B, C. Let their resultant act at X on BC. Then AX is given by

7 = QAB +RAC _tanBAB + tanC AC
- Q+R tanB + tanC

- __ —tanB-AB-cosB+tanC - AC - cosC
AX -BC =
tanB + tanC
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_—csinB+bsinC_0_ b ¢
T tnB+tanc O SnB T sinC

So AX is perpendicular to BC. Thus AX is the altitude through A. Now P acts at A and Q + R

acts at X. So the resultant acts at a point on the altitude. Similarly the resultant acts at points on

the other altitudes also. This implies that the resultant acts at the orthocentre.

2.7 FORCES ALONG THE SIDES OF A TRIANGLE

In this section we consider the resultant of forces acting on a rigid body, the forces being
along the sides of a triangle.
EXAMPLES
Example 1.P, Q, R are forces along the sides BC, CA, AB of a triangle ABC taken in order.
Show that, if their resultant

() passes through the incentre, then

P+Q+R=0
(i)  passes through the centroid, then

P Q R P Q R
- +-+-=0o0or—=—"—=—
a b c sin A sin B sin C

(iii)  passes through the circumcentre, then
PcosA+ QcosB+RcosC = 0.
(iv)  passes through the orthocentre, then

P Q R
COS A CcosB cosC

=0.

0] Incentre L. Let ID, IE, IF be the perpendiculars to the sides. Then
ID=IE =1IF =r.
The resultant passes through the incentre and so its moment about I is zero. Hence the sum of
the moments of the given forces about I is zero.
~TP+1rQ+rR=00r P+Q+R=0.
Note: If P, Q, R are positive, then
P+Q+R=+0

and so the resultant cannot pass through the incentre. Therefore one or two of P, @, R must be
negative.

(ii) Centroid G. Let AD be a median. Let p; be the length of the perpendicular from G
to BC. Then the area of A ABC is
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1

2
2 A
P = g,etc.
Now the sum of the moments about G is 0. Therefore
2 A 2 A 2 A P Q R
P 3a +Q 35 +R 3 =0 or E+E+Z=O'

(iif)  Circumcentre S. Now 4 is a point on the circumcircle and so BC subtends the
angle 24 at the centre S.If SD is the perpendicular to BC, finding the area ofA
BSC, in two different ways,
1 1 R? sin 24

—a*SD==R-R-sin240rSD =
2 2 a

5 sin A
~SD=R*-2- 7 scosd = kcosA,etc.

Thus, taking moments of the forces about S,
SD-P+SE-Q+SF-R=0 or k(PcosA+QcosB+RcosC)=0
~PcosA+QcosB+ RcosC =0.
(iv) Orthocentre O. Let AD, BE be two altitudes. Then
2CBE =90°—C.

So, from A ABD,
% =tan(90°—C) = cotC  ...... (1)
But, from A ABD,
BD
1B - cos B. - (2)

Thus, on multiplying (1) and (2), we get

OoD
— =cotCcosBorOD =

1B sinCCOSCCOSB

OD = kcosBcosC, etc.

Therefore, taking moments about O,
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k(Pcos Bcos C + Qcos CcosA + RcosAcosB) = 0.
P Q R
cosA " cosB ' cosC

Note. If P, Q, R are positive, one of A, B, C must be obtuse so that its cosine is negative.

Example 2: Three forces P, Q, R act along the sides BC, CA, AB of a triangle ABC.
If their resultant passes through the incentre and centroid, then show that
P _ Q _ R
a(b—c) b(c—a) c(a—b)
Since the resultant passes through the incentre and centroid, we have respectively
P+Q+R=0 ...(D

. L e

a b ¢

(See the previous example.) Solving (1) and (2) for P,Q,R by the method of cross

multiplication, we get

SR
QAR =

QAR =

QR
ISR

QR

P _ Q _ R
1/0_1/b_ 1/a—1/c_ 1/b_1/a.

Multiplying the denominators by abc, we get the result.

Example 3. Forces P BC,Q CA,R AB act respectively at B,C,A of an equilateral
triangle ABC .If their resultant is a force parallel to BC and through the centroid G of the triangle,
show that

—P =2Q = 2R.
The forces are P BC ,Q CA,R AB. Their resultant is
PBC+ QCA+RAB
Since this resultant is parallel to BC,
BC x (PBC +QCA+RAB) =0
i.e.,0 + (Qsin120° — Rsin 120°)Ai = Oor Q = R.
Since the resultant passes through G, the sum of the moments of the forces about G is zero.

Thus
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p(P+Q+R)=00r P+Q+R=0,
where p is the perpendicular distance of the centroid from the sides. But Q = R. This leads to
the result

—P =20Q = 2R.

2.8 A SPECIFIC REDUCTION OF FORCES

REDUCTION OF COPLANAR FORCES INTO A FORCE AND A COUPLE

Earlier we saw a system of coplanar forces to reduce to either a single force or a single
couple. But in the following bookwork we reduce a system of coplanar forces to a force acting
at an arbitrarily chosen point and a couple.

Bookwork 2.1. To show that a system of coplanar forces acting on a rigid body can be

reduced to a force at an arbitrarily chosen point and a couple in the plane.

Let F;, F,, ..., E, be the given forces acting on the rigid body at A4, 4,, ..., A,. Let O be
an arbitrarily chosen point in the plane. First introduce two forces F; and —F; at this point. This
introduction does not alter the effects of the given forces because the resultant of these two
forces is a zero force. Now the force F; at A; and the force —F; at O from a couple whose

moment is 0A; X F,. So the force F; at A, is equivalent to

Q) A force F; at O and

(ii) A couple with a moment OA; X F; in the plane.

Similarly the force F, at A, is equivalent to a force F, at O from a couple with a moment
0A, x F, and so on. Thus we see that the given force system is equivalent to the system which

consists of

() n forces. Fy, F,, ..., E, at O and

(ii) 7 couples with moments OA; X Fy, ..., 04, X E, in the plane.

But the resultant of the n forces at O is the single force
F,+F,+-+FE,at0.
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The resultant of the n couples is a single couple in the plane with a moment

0A1 XFl +0A2 XFZ + "'+0An XFn.

So the given force system is equivalent to the single force
F1+F2++Fn
at 0 and a couple with the moment

0A1 Xﬁl +0A2 XFZ + "'+0An Xﬁn.

But 0A; X F;,0A, X F,, ..., 0A,, X E, are the moments of the given forces about 0. So the
moment of the above couple is the sum of the moments of given forces about 0. So, in
conclusion, we get that any system of coplanar forces Fy, F,, ..., F, is equivalent to a single
force
F,+F,+-+E,
acting at any point in the plane and a couple whose moment is equal to the sum of the
moments of F;, F,, ..., F, about the point.
Invariance of the single force. The single force is the vector sum of the given forces.
As such it is independent of O. For brevity we shall denote
Fi+F,+F;+--+EbyF.
Then F « F or F? and the direction of F are independent of 0.
Invariance of F - G. The single couple depends on the base point 0. So it is not an
invariant. We shall denote the moment of this couple by G. Then
G =Y0A; XF;.
We shall show that F. G is an invariant. Suppose we reduce the given system to a single force

Fat a different point P whose position vector is7 with reference to 0 and a coupleG'. Then

5’=ZP_AL><E=Z(O_AL—W)XE

=Y04,xE—-0

]

x (ZF)=G—-7xF.

>
Il
B>
N\
(o]
|
=i
X
>
p—
Il
>
D
|
5!
—
3
X
5|
p—

=F-G—[FrF]=F-G-0=F-G.
Thus F - G is the same for all positions of the point P.
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Conditions of equilibrium under coplanar forces

Bookwork 2.2. To show that set of necessary and sufficient conditions for a system of

coplanar forces to keep a rigid body in equilibrium are

()  The sum of the components of the forces along any line in the plane is zero.  C. 1.
(i) The sum of the components of the forces along a line in the plane perpendicular to
the former is zero. C.2.

(iii) The sum of the moments of the forces about any one point in the plane is zero. C. 3.

Necessity part. In this part we have to assume that the system of forces of keep the
body in equilibrium and then show that C. 1, C. 2, C. 3 are true.

Let, F, F,, ..., E,be the given forces and let O be an arbitrarily chosen point in the plane.
Then the given system is equivalent to a force F; + F, + --- + F, in the plane at O and a couple
in the plane whose moments is the sum of the moments of the forces about O. Now the system

keeps the body in equilibrium. So the force at O and the couple must vanish. This leads to the

results,
(i) Fi+F,++FE =0 (D)
(i) Sum of the moments of the forces about 0 = 0. ...(2)

Choose arbitrarily a line in the plane through O and let 7, be the unit vector along it. Then
multiplying (1) scalarly by 1.
F,-T+F,-i+-+FE,1=0.

This proves C. 1. Similarly, taking the unit vector J in the plane, perpendicular to 7, and
multiplying (1) scalarly by j, we see that C. 2 is true. Furthermore, we get, from (2), that C. 3
is true.

Sufficiency part. In this part we have to assume that C.1, C. 2, C.3 are true and then
showthat the forces keep the body in equilibrium.

As before reduce the system to a single force at O and a single couple. Now, by C.1,

F,1+F,i+-+E-1=0. «~ (FF+F+-+FE)-1=0.
Similarly, by C.2,
(Fi+F+ -+ F)j=0.

Now F; + F, + --- + E, cannot be perpendicular to both T and J. So the only possibility for the

above dot products to vanish, is that F; + F, + ---+ E, = 0, that is, the single force at O
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vanishes. The moment of the couple is the sum of the moments of the given forces about any
point. So, by C.3, the couple also vanishes. Hence the body is in equilibrium.
Two more sets of sufficient conditions. The following two bookworks provide two
other sets of sufficient conditions for a system of coplanar forces to keep a body in equilibrium.
Bookwork. 2. 3. A set of sufficient conditions for a system of coplanar forces to keep
a rigid body in equilibrium is that the sums of the moments of the forces about any three

noncollinear points in the plane are zero.

Let the given system consist of forces Fy, F,, ..., F, at A, A,, ..., A,. Let the sum of the
moments of F;, F, ..., E, about each of the noncollinear points A, B, C, be zero. Then
YAA, XF =0,YXBA xF=0XCAxF=0. (D)
Reduce the given system to a force acting at A and a couple. Then the force at A is
Fi+F,++F,sayF
and the couple has the moment
Y AA, X F.
But, by (1), this moment is zero. So the couple vanishes and the given system reduces to the
single forceF acting at A, that is, the resultant of the given n forces is the single force Facting
at A. But we know that the sum of the moments of a system of forces about any point equals
the moment of their resultant about the same point. So the sum of the moments of the given
forces F;, F,, ..., E,, about B equals the moment of F about B. That is,
BA, XF, +BA, xF,+ -+ BAXF.
In this, the left-hand side expression is 0 by (1). So
BAXF =0.
Similarly, considering the moments about C, we get
CAXF =0.
These two equations imply that either F = 0 or F is parallel to both BA, CA. The latter case is

not possible because A, B, C are noncollinear. So F = 0. Hence the body is in equilibrium.

Bookwork 2.4. A set of sufficient conditions for a system of coplanar forces to keep a
rigid body in equilibrium is that the sums of moments of the forces about any two points A and
B are individually zero and that the sum of the components of the forces in any direction not

perpendicular to AB is zero.
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The first two conditions are the same as the first two conditions of the previous
bookwork. So we get that the given system reduces to a single forceF at A and BA X F = 0.
The third condition isF; - é + F, - é+ -+ E,- é = 0 or F - & = 0 where € is a unit vector not
perpendicular to AB. Now considering BAX F =0 and F-é = 0 together, we see that
eitherF = 0 or F is parallel to AB and considering perpendicular to é. But é is not perpendicular
to AB. So F = 0. Hence the body is in equilibrium.

EXAMPLES

Example 1. Prove that, if four forces acting along the sides of a square are in
equilibrium, they must be equal in magnitude.

Let the square be ABCD and the unit vectors in the directions of AB, AD be 1, J. Let the
forces and their points of action be

P, QJ,RT, ST ;
AB,CD

and let P > 0. Due to equilibrium the sum of the forces is 0.
~ PT+Qj+Ri+Sj=00r(P+R)T+(Q +S)]=0.
~P+R=0,0Q+S=00rR=-P,§ =-Q.
Thus the forces are

Py, Qj,—PL,—QJ
Also the sum of the moments of the forces about any point, say 4, is 0. Thus, if a is the side of
the square,

0+AB X (Q))+AD X (-P1)) +0 =0

i.e.,atX (Q)) +ajx (=P1) =0

i.e.,aQk +aPk =0orQ = —P.
Thus the forces are
Pt,—Pj, —Pt, PJ.
It is evident that their magnitudes are equal.
Example 2. A ladder of length 2a and weight W, with its centre of gravity three-eighths
of the way up, stands on a smooth horizontal plane resting against a smooth vertical wall and
the midpoint is tied to a point in the wall by a horizontal rope of length [. Find the tension of

the rope.
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The figure is self explanatory. The forces on the ladder are

() Reaction R; at A
(i) Reaction R, at B
(1ii)Weight Wat G
(iv) Tension T at M along ML.
Considering the horizontal components, we get
T =R,.
We shall not consider the vertical components. Let a be the angle made by the ladder with the

horizontal. Now the perpendicular distances of the forces W,T,R, from A are

AGcosa,AMsina,ABsina

2a-3 cosa,asina,2asina.
8

Taking moments of all the four forces about A
(Za . 3/8 * COS a)W + (asina)T = (2asina)R,

i.e.,3/4cotaW+T = 2R, or3/4cotaW+T = 2T

. _3 _3 1
i.e., T —4cotaW _4WW from A BLM.

Example 3. A uniform rod of length 2a and weight W is resting on a fixed rail parallel
to a smooth vertical wall with one of its ends pressing the wall and to its other end is attached
a weightw. The distance of the rail from the wall is b. If the rod is in equlibrium in a vertical
plane, show that the angle 8 made by the rod with the vertical is given by

bW +w /3

ing = [—
St aW + 2w
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The figure is selfexplanatory. We can avoid R, by resolving the forces vertically and
taking moments about A. Thus, resolving vertically,
Rysin@ =W +w. ...(1)

Taking moments about 4,

AP-R, = AGsin@-W + ABsin -w, AP = — = 2

sin 8 sin 6

b
& ——=R,=asin0W + 2asinfw
sin 8

b W4+w
" sinf sin@

=asin@W + 2asinfw by (1).

This gives sin @ as in the result.
Example 4. A uniform rod of weight w is movable in a vertical plane about a hinge at
one end, and at the other end is fastened weightW/z. The latter end is fastened by a string of

length [ to a point at a height ¢ vertically over the hinge. Show that the tension of the string

islw/c.

Let AB be therod, AB = 2a and BP, the string. Let the rod and the string make angles®,
awith the vertical. Four forces act on the rod. They are

() Weightsw-W/,

(ii) TensionT

(iii)Reaction R atA.

Let AL be the perpendicular from A to the string. Taking moments aboutA, thus avoiding R,
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—asin@w — 2asin (w/2)+ T AL = 0.

AT = 2esinb (D

AL

From the right angled A APL,
AL = csina. ...(2)

Also, using the sine formula forA ABP,

l 2a . .
= r 2asin @ = lsina.
sin(180°-6) sin a or 2asin & Isina (3)

When (2) and (3) are used, (1) becomes

3 (Isina)w lw

= losina) or p

Example 5. Two equal uniform rods, each of weightWW and length a are freely jointed
at one extremity, and rest symmetrically in a vertical plane in contact with a smooth horizontal
cylinder of radius b, the axis of the cylinder being at right angles to the plane of the rods. Their
other extremities are connected by an inextensible string of length 2C. Show that the tension

of the string is

Let AB be one rod touching the cylinder at P. Let O be the centre of the cylinder. Let G
be the midpoint of AB and GN, the perpendicular from G to the vertical through A. The forces

on AB are

() Reaction R, at A
(ii) Reaction R,, at P
(iif)Weight W at G
(iv)Tension T at B

Let a be the angle BAC. Now the perpendicular distances of the forces R,, W,T from A are
AP,GN,AC
i.e.,OPcota,AGsina,AB cosa
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i.e.,bcota, 1/2asina,acosa.
So, taking moments of the forces about A,

—bcotaR, + 1/2asina,W+acosaT =0

bcotaR, — 1/, asina W b
T = 2 /2 = —coseca R, —1/2tanaW
acosa a

Due to symmetry the reaction on the rod at 4 is horizontal. Resolving the forces vertically, thus

avoiding R,

R,sina =W orR, = —
sina

b ) 1 ba? 1 c
-'-T=acosec aW —=-tanaW = — — = w

2 ECZ 2\/a2—C2
ab 1 c
= (G-3=—=)W
c? 2\/a2—C2

Example 6. Three equal uniform rods, each of weight W, are smoothly jointedsoasto

forman equilateral triangle ABC. The system is supported at the middle point of the rod BC.

Show that the reaction at the hinge at A4 is WT\E.

Show also that the action at each of the other hinges is W \/%

R ——, p————

The reactions at the end A on the rods BA, CA should be similar and opposite. So they
should be only horizontal. Let them be R, R. We shall consider the forces on the rod
ABonly. The weight Wof'the rod acts at G vertically downward. But there are only three forces
on the rod AB. Since the rod is in equilibrium the third force, the reaction at B, should have its
horizontal and vertical components as R, Wasshown in the figure.

If BC = a, then the vertical through G meets BC at a distancea/ 4 from A.

Taking moments about B,
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a v3 W w
——w )R=00rR— =—0rR=—
2 + (a cos 30°) 0 or > 7 OF e
So the reaction at the end A1s — The reaction at the end Bandalso at the end Cis

v R%Z + W-or /E+W20r /

PROBLEMS INVOLVING FRICTIONAL FORCES
We know that, when a body is simply in equilibrium, that is, not in limiting equilibrium,
the friction called into play is less than uR, whereu is the coefficient of friction and R is the
normal reaction. But, if the equilibrium is limiting, then
F =puR, tanl = p,
Where

() F = uR is the frictional force
(i) R is the normal reaction
(iii)u is the coefficient of friction

(iv) Ais the angle of friction.

The angle of friction is the angle made by the reaction with the normal.

In problems involving limiting friction the method of solving them is two-fold; one is
to keep the reaction as a single force as such and the other is to resolve it into its components,
namely, the normal reaction and the limiting friction.

EXAMPLES

Example 1. A uniform ladder AB rests against a smooth wall at B and upon a rough

ground at A. Boy whose weight is twice that of the ladder, climbs it. Prove that, the force of

friction when he is at the top of the ladder, is five times as great as when he is at the bottom.

The ladder is not in limiting equilibrium. So, in the first case, the forces at A are

(1) Friction F; horizontally
(1) Normal reaction R; vertically
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(iif)Weight of the boy 2W
As in the figure. The vertical components of the forces given
R, = 3W. (1)
If 0 is the angle of inclination of the ladder to the horizontal and AB = 2a, taking moments
about B,
acosOW +4acosO W + 2asin@ F; —2acosO R, = 0.

S5W 4+ 2tan 6 F; = 2R, or 5SW + 2tan 6 F; = 6W by (1)

F = 2tané -(2)

In the second case, the forces at A are

(i) Friction F, horizontally,

(i) Normal reaction R, vertically.

Now the vertical components of the forces gives.
R, = 3W. ...(3)
Taking moments about B, and dividing by a cos 8,

W +2tanfF, = 2R, or W + 2tan 8 F, = 6W by (3)
1Y

F, = 4)

" 2tan@’ "’

From (2) and (4), we get the required result.

Example 2. A solid hemisphere rests on a rough horizontal plane and against a smooth
vertical wall. Show that, if the coefficient of frictionu is greater than3 / g> then the hemispheres
can rest in any position and if it is less, the least angle that the base of the hemisphere can

makewith the vertical is cos™?! 8?“.

73 | Manenmaniam Sundaranar Univenwsity, Divectorate of Distance and Centinuing Education,
Ginunelueli



Let, in the equilibrium position, the points of contact with the plane and the wall be 4,

B. The forces on the body are

(i) Friction F at A

(ii) Reaction R at A

(iif)Reaction S at B

(iv)Weight W at G
as in the figure. Then, from the horizontal and vertical components,

S—F=0R-W=00rS=F,R=W.
Now CG = 3a/ g» Where a is the radius of the sphere and the distance of G from the vertical
through A4 is
CG cos 6 or 3“/8 cos @,
Where 0 is the angle made by the base with the vertical. Thus, taking moments about A,
3‘1/8c059W —aS=0or 3“/8COSHR = aF.

F 3 p
i
Q) So the equilibrium is possible for any inclination so long the coefficient of friction
is large such that
u>§c0500r8?“>c059. ...(1)

But the maximum value for cos 6 is 1. Thus (1) becomes
8u 3
5 > 1oru > p

(i) Ifu< Z and if the equilibrium is limiting, then F = uR and (1) gives

=2 cosBor cosd = oL
p=geosfor cos =—
ie,f =cos 12

which is the required least angle because, for a still smaller angle, the friction required is larger
which cannot be attained.

Example 3. A sphere of weight W resting on a rough inclined plane of inclination « is
kept in equilibrium by a horizontal string attached to the highest point of the sphere. Show that
the angle of friction is greater than ¢ / o and that the tension of the string is IW tan “/ 2
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Let A be the point of contact, C the centre and P the topmost point. Forces on the sphere

are

(i) Friction F at A up the plane

(ii) Reaction R at A normal to the plane
(iii) TensionT horizontally at P

(iv) Weight W vertically downward.

Taking moments about C,

aF —aT =0

~F=T. ...(1)

Resolving the forces horizontally and vertically,

T+ Fcosa=Rsina, ...(2)

Rcosa+ Fsina=W. ...(3)
From (1) and (2),

F sina 2sin%/, cos %/,

—_ = = =t a
R 1+4cosa 2 cos? “/2 an /2

u should be large enough so that F / g < u.That s,
tan%/, <tandor%/, < A.

Remembering that F = T and solving for T, we get

sina a
=—W=Wtan—
1+ cosa 2

Example 4. A uniform ladder AB rests in limiting equilibrium with the end 4 on arough

floor, the coefficient of friction beingu and with the other end B against a smoothvertical wall.
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Show that, if@ is the inclination of the ladder to the vertical then tan 8 = 2pu. If 6 = 30°,
find u.

Method 1.(i) Now Ahasatendencyto move away from the wall. So the frictional force
at A 1s towards the wall. Thus, if 7, J are the unit vectors along CA and CB, the forces acting on

the ladder are

()  —uRL RjatA
(i) StatB
(i) -WjatG

The sum of the T components and the sum of jcomponents are zero. Therefore
S—uR=0,R—W =0.

Solving these two equations,

R=W,S=uW.
If AB = 2a, taking moments about A of the forces,
asin@ W —2acos8S = 0Qortanf = Ez ﬂ: 2U
w w
(iii)  When 6 = 30°,
tan 30° = 2uoru = L
2V3

Remark. The magnitude of the reaction acting on the rod at 4, is
JRZ + 2R = R\1 + u2 = W /1 + 2.

Method 2. Let the weight and the reaction at B intersect at 0. Then the reaction at A
passes through O. The reaction is inclined to the normal to the floor, that is, to the vertical at
an angle A, where A is the angle of friction and yu = tan A.

In the triangle AOB,BG : GA = 1: 1 and
20GB = 0;£G0B =90°,£G0A = A.
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So, by cotangent formula,
(14 1)cotf = cotA — cot90°.
2cotf = cotdortanf = 2tan A = 2.

Example 5. Find the inclination 0 to the vertical of a uniform ladder AB of length 2a
and weight W which is in limiting equilibrium having contact with a rough horizontal floor
and a rough vertical wall, the coefficients of friction being u.

Show that the greatest inclination of the ladder to the vertical is 2.

|

c

(1) Now A has a tendency to move away from the wall and Bhas a tendency to move
downwards. Let the forces acting on the ladder be

(i) —uRT, RjatA

(ii) ST, uSy at B

(ii)—WjatG
Since the ladder is in equilibrium, the sums of the components of these forces in the r, J
directions are zero. So

S—uR=0,R+uS—-W=0.

Solving for R and S,

w uw
R=——,5=
14 p? 14 p?

Further, finding the moments of the forces about 4,
asin@ W — 2asinfuS —2acosfS =0
ie, (W —2uS)sind — (25)cosf =0
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25 2u
W—2uS 1-p2
2u _ 2tanA
—u2  1-tanZ 1

~ tan @ =

(i))Since 4 = tan A, tan 8 = T

=tan2Aorf = 2A.

Method 2.

Now the forces on the rod are the reactions of the floor and the wall at A and B and the
weight. Let them meet at 0.Then AO is inclined to the normal AD to the floor at the angle 4
and BO is inclined to the normal BD to the wall at the angle A. So, in the AOAB,
BG:GA=1:1,
20GB = 6, £B0OG =90° — A, £LAOG = A.
Thus, by the cotangent formula,

(1+1)cotf = cotd — cot(90°— 1) = cotA —tan A

1 12
U U
2p

tan6?=1_ﬂ2

Example 6. A ladder which stands on a horizontal ground leaning against a verticalwall,
has its centre of gravity at distances a and b from its lower and upper ends respectively.Show

that, if the ladder is in limiting equilibrium, and if 4 and u’ are the coefficients of friction at the

T C b
lower and upper contacts, its inclination 6 to the vertical is given by tan 6 = %ﬂ):,.
4[“'3‘1

B

(o}

78 | Manenmaniam Sundaranar Univewsity, Directorate of Distance and Centinuing Education,
Finunelueli



The figure is self explanatory. The sums of the T components and j components are

zero. So we have

S—uR =0,
R+uS—-WwW=0.
Solving these, we get
1
BT
_ I
1+p

Further moments taking about 4,
asin@W —(a+b)cos6S—(a+b)sinfu'S=0
oraWtan8 — (a+ b)S — (a+ b)u'Stan 6 = 0.
o tang = (a+b)S _ (a+b)u _ (a+b)u
aW —(a+b)p'S a1+ uu')—(a+b)uy’ a— buy'

Example 7. A ladder of length 2a is in contact with a wall and a horizontal floor, the

angle of friction being A at each contact. If the centre of gravity of the ladder is at a distance

ka below the midpoint, show that in the limiting equilibrium, the inclination @ to the vertical

is given by cot 8 = cot 21 — kcosec2A.

c

The forces acting on the ladder are the reactions of the floor and the wall inclined to the

normais to them at an angle A and the weight. If they meet at O, then both AO and BO are

inclined to the vertical and horizontal at the same angle A. So, in the triangle ABO,
£BGO =6, A0G = A,£B0G =90° — A.
BG:GA=a+MG:a—MG=a+ka:a—ka=1+k:1—k.

So, by cotangent formula,
{A+k)+ @ —=k)}cotd = (1 —k)cotA—(1+k)cot(90°— A).
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or2cot =(1—k)cotA—(1+k)tanA
= (cotA —tan A1) — k(cotA + tan A).
So the result follows as stated since it can be shown that

cotA —tanA = 2cot24,cotA + tanA = 2cosec2A.

Example 8. A solid hemisphere of weight Wrests in limiting equilibrium with its curved

surface on a rough inclined plane, its plane face being kept horizontal by a weight P attached

to a point A in its rim. Prove that the coefficient of friction is
P

JWQRP +W)

Let O be the centre and a, the radius of the sphere and B, the point of contact of the
hemisphere with the inclined plane. The forces acting on the hemisphere are its weight W along
0G, the attached weight PatA and the reaction R of the plane. Since W and Pare vertical, R
also should be vertical. R should be inclined to BO, the normal to the plane at B at an angle

equal to the angle frictiond whereu = tan A. Now taking moments about B,

P
W+ P

W(asinA) — P(a—asind) =0or sinA =

P P
or f = ——
J(W + P)z — p2 VW2 +2WP

s~ tan Al =

Example 9. A rod is in limiting equilibrium resting horizontally with its ends on two
inclined planes which are at right angles and one of which makes an angle a (< 45°) with the

horizontal. If the coefficient of friction is the same for both the ends, show that

_ 1-tana
1+tan a
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The forces acting on the rod are the reactions of the planes and its own weight. Let the
reactions meet at 0. Then the weight should act through O so that OG is vertical. But AB is
horizontal and AO = OB. SoA AOB is isosceles and

£0AG = £0BG.
ButAhas a tendency to slide downwards andBhas a tendency to slide upwards because
a < 45°. As such AO and BO are inclined to the normals AD and BD to the plane at the same
angle of friction A as shown in the figure. Now
LOAG = a+ A, 0BG =90° — (a + 2).
a+21=90°— (a+A)ora+ A =45°
tan(a + 1) = lortana + tanAd = 1 — tan a tan A.

tana+pu=1—ptanaoru(l +tana) =1 —tana.

1—tana

'u:1+tana

Example 10. A rod AB rests within a fixed hemispherical bowl whose radius is equal

to the length of the rod. If u is the coefficient of friction, show that, in limiting equilibrium, the

ap

inclination 6 of the rod to the horizontal is given by tan 6 = P—

c A0
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The radii AC, BC and the rod AB form an equilateral triangle. If the reactions of the
bowl at A, B and the weight of the rod meet at O, then AO, BO are inclined to AC, BC at the
same angle of friction A. Now in the triangle AOB, AG : GB =1 : 1 and

20GB =90°—6,2GA0 = 60°— A, £GB0O = 60° + A.
Therefore, by cotangent formula,
(1+1)cot(90°— ) = cot(60°—A) — cot(60° + A).

1+tan60°tanA 1 —tan60°tanA
tan 60° — tan A tan 60° + tan A

_1++V3u 1-V3u  8u
V3—-u  V3+4+u 33—

~2tanf =

~ tanf = 32

Example 11. A uniform ladder of lengthlrests on a rough horizontal ground with its

upper end projecting slightly over a smooth horizontal rod at a height h above the ground. If
h1Z—hZ

12+h?

the ladder is about to slip, show that the coefficient of friction is equal to

Let the three forces acting on the ladder meet at O. Then the direction BO of'the reaction
of the peg B is perpendicular to AB and the direction of AO of the reaction of the ground is
inclined to the vertical at A, the angle of friction. So, in the triangle ABO,

AG:GB=1:1.
Ifangle OGB is 8, then
£0BA =90° £0AB =6 — A.
So, by cotangent formula,
(14 1)cotf = cot(8 — A1) — cot(90°) = cot(8 — A).
tanf —tanA _ tanf —pu
1+tan6ftan i 1+ utan@
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tan 6
2+tan2 6

This gives u =

,/lz_hz

But tan 8 = .So the result as stated.

Example 12. A rod AB is supported at an inclination a to the horizontal with its lower
end B on a rough, horizontal plane by a string AC attached to A. Show that, if i is the coefficient

of friction, then the greatest inclination 6 of the string to the vertical is given by
1 1
cotf = ;+ 2tana or cot@ = l_l_ 2tan«q,

according as the end Bhas a tendency to move closer to the string or not.

The figures correspond to the first and second cases respectively. Let A be the angle of
friction. Thenyu = tan A. Now the tension acts along AC and the weight along the vertical
through G. Let them meet at 0. Then the reaction of the plane acts along OB. It should be
inclined to the plane at an angle A. In triangle AOB, AG : GB =1 : 1 and

2AO0G = 6,4B0G = A
Also in the first and second figures
£0GB =90°— a,20GA =90° — «a

respectively. So, in these cases, by cotangent formula,

1
(14 1)cot(90°— a) = cot® — cotA = coth — ;

1
(14 1)cot(90°— a) = cotA —cotfh = ;— cot®

which lead to the required results.

Example 13. Two equally rough pegs A, B are at a distance a apart in a straight line
inclined at an angle a to the horizontal. A rod passes over A but under B and rests in limiting
equilibrium. Show that, if 4 is the angle of friction, then the distancex between the mass centre
G oftherodand A is x = a/z (cotAtana — 1).

Show that the length of the shortest rod which will rest in such a position is
a(cotAtana + 1).
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The reactions R, S and the friction uR, uS are perpendicular and along the rod as in the
figure. The components of W in these directions are

W cosa,W sin a.
~Wcosa+S=R,Wsina =uR + uS

W (sina — ucosa)
S =
2p

Taking moments about A,

aS
Wcosa

(xcosa)W = aSorx =

a W(sina — ucosa)

x= W cosa 2uU
a(tana — p)
= — by(1
2 y(1)

_ a(tana —tanl)
B 2 tand

a
=3 (tanacota — 1).
The rod is of least length when its upper end is just below B. At that moment its length is
a
2GB = 2(x+a) =2 [E (tana cotA — 1) + a]
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= a (tana cotd + 1).

Example 14. Two smooth equal spheres of radiusaand weightW lie within a fixed

aw
vbZ-2ab’

show that the ratio of reaction between the spheres to the reaction between a sphere

smooth spherical bowl of radius b. Prove that the pressure between them is Itb — 3a,

And the bowl is%.

The figure is self-explanatory. In it the force on the left sphere only are marked. Now

AC =b —a, AM = a.

If angle CAM is a, then

cosa =

The horizontal and vertical components of the forces give

R — S cosa =0, W — S sina = 0.

" a _ aW
Jb—a)2—a* Vd?—2ab

“R =W cota =

From R — S cosa = 0,— = cosa = — = =-,

v X
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Example 15. Two equal smooth spheres, each of weight w and radius rare placed inside
a smooth hollow cylinder, open at both ends, which rests on a smooth horizontal plane. Ifa (<
2r) is the radius of the cylinder, find the reaction between the spheres and the cylinder. If W' is
the weight of the cylinder, show that the condition for the cylinder not to topple is

W > 2w(1—£).

The figure is self-explanatory. The forces on the lower sphere arew, p, S, Qas in the

figure. The horizontal components give P = S cos 6.

But the forces on the upper sphere are

w,R,S.
Scos@ = R,
W = Ssin 6.

w
* P=R =S cos8 =——cosO = w cotf.
sin@

But AL = CD — 2r = 2a — 2r.AB = 2r and so

AL_a—r
AB  r

cosf =

Thus S, P, R are known in terms of w, 1, a.
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If the cylinder topples, it will topple about D. Now the forces on the cylinder are
P,R,W,R,.
Their distance from D are
r, v + AB sing, a, 0.
Taking moments about D and using P = R,
r.P—(r+2rsin@)R+aW > 0

i.e., —2rsin@R+aW >0 or aW > 2rsin@ W cot 8.

a—r
i.e., aW > 2rWcos@ or alW > ZrWT.

W>2w(1—£).

Tilting of a body

When a gradually increasing force acts on a body which is in equilibrium, resting on a
rough surface, the body either slips or tilts at some moment. This situation depends on the
roughness of the surface, that is, the coefficient of friction (cof). If the cof is fairly small,
slipping takes place and if the cof is fairly large, tilting takes place. For an intermediate
particular value of cof, both slipping and tilting take place simultaneously. For any value of cof
less than this particular value, the body slips and for any value of cof greater than this particular

value the body tilts.

Now we shall consider physical situations in which the value of cof has the value such
that the slipping and tilting take place simultaneously. In these cases the tilting is about a point

of the rigid body and the forces at this point are
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() The normal reaction R

(i) The frictional force uR in the direction opposite to that in which the body has a tendency

to move.

The respective value of cof can be obtained by considering the components in two

perpendicular directions and moments about a point in the preceeding equilibrium position.

EXAMPLES

Example 1. A rectangular thin plate ABCD (AB = a, BC = h) stands vertically with its
side AB resting on a rough horizontal plane. A string attached to C is pulled horizontally with

a gradually increasing force. Show that, if u is the coefficient of friction, the plate will tilt if

>a
K2on

A uR

Suppose that the plate will be in limiting equilibrium in a slightly tilted position with B
alone being in contact with the horizontal plane whose coefficient of friction is u. Then the

forces acting on the plate will be

(i) Weight Wat G
(ii) Force Pat C
(iii)Normal reaction R and friction uR at u.

Horizontal and vertical components and moments about B give
a
P =uR,R = W'EW = hP.

Eliminating Pand R, we get
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T
So, if the cof is greater than %, then the body tilts.

Example 2. A square lamina ABCD of side 2a is standing upright on a horizontal plane
with the side AB having contact with the plane. A string is attached to Cand pulled with aslowly

increasing force P in a direction at right angles to the diagonal through the corner. Show that

the lamina tilts if the coefficient of friction is greater than é

Letu be the cof. Now tilting takes place at B. The force Pat C has components

Q) %horizontally and
(i) %Vertically downward.

The other forces on the Lamina are

(i) Weight Wat G
(ii) Normal reaction R and friction uR at B

Thus the horizontal and the vertical components and moments about B give

P R R W+P w _ZaP
— , = —,a = .
N 2 NG

Eliminating P and R, we get u = g So, if the cof'is greater than% then the body tilts.
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Example 3. ABCD is a uniform square plate of side 2a resting with its plane vertical
with the side AB on a rough inclined plane of angle a. Cis the highest point of the plate. A
gradually increasing force is applied at C horizontally. Prove that,Aif is the angle of friction,

then the plate tilts if 1 + tana < 2 tan (a + A).

i ~y

Suppose the plate will be in limiting equilibrium in a slightly tilted position standing
on B on the inclined plane whose coefficient and angle of friction are u and A. Then the forces

acting on the plate are

() uR along BA and R along BC at B
(i) W vertically at G
(iii) P horizontally at C
Horizontal and vertical components give
P =R sina + uR cos a,

W =R cosa — UR sina.

P sina + ucosa sina +tan Acosa

W  cosa — usina  cosa — taniAsina’

sinacosA + cosasinA  sin(a + A)

cosacosA — sinasind  cos(a + 1)

=tan(a@ +1). ......(1)
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If BL, BN are the perpendiculars drawn from B to the vertical through G and the horizontal
through C, we get taking moments about B,

W.BL—-P.BN =0

P BL v2acos(45° — a) _ cosa + sina
or W BN 2a cosa ~ 2cosa
1
=3 (1+ tana). ... (2)

Equating (1) and (2), we get
1
tan(a + 1) = 5(1 + tana)

This gives a value for A. If the angle of friction is greater than this value, that is, if

1
tan(a + 1) > 5(1 + tana)

then the body tilts.

Example 4: A solid cone of height h and base radius a is placed with its base on a rough
inclined plane whose coefficient of friction is . The inclination of the plane

is increased gradually. Show that the cone slips or topples according as

We shall assume that the cof ¢ is small so that, as a increases, the cone slips and does

not topple. At the moment of slipping the forces on the cone are

R, uR,W
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As in the figure. The corresponding along and perpendicular to the plane give

Wsina = uR,Wcosa = R.

But as a increases from zero, tana also increase from zero. So, when tana attains the value

U, the cone slips.

Suppose the cofy is large so that the cone tils about A and does not slips. At the moment

of tilting the force acting on the cone are
R, F,.W
As in the figure. So
R = Wcosa.
Taking moments about O

OGsinaW —aR >0

h
or ZsinaW —aW cosa >0

or tana>-—. .....(2)

From (1) and (2) we get the critical values for tana as

4a
H" h'
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Thus, in conclusion, we have

() Ifu< 4Ta,tan « attains the smaller value p first and so the cone slips.

(i) If u > %a, tana attains the smaller value %a first and so the cone slips.

Note:

Ifu= %a, slipping and tilting take place simultaneously when tana attains the equal
value.
EXERCISES
1. Asphere of weight W is held in equilibrium on a rough inclined plane of inclination a
to the horizontal by a force P applied tangentially to its circumference and parallel to

the plane. Show that P = %sina.

2. A heavy circular disc whose plane is vertical is kept at rest on a rough inclined plane

whose inclination is a by a string parallel to the plane and touching the circle. Show
that the disc will slip on the plane if the coefficient of friction is less than %tana.

3. A ladder is kept such that one end rests on a rough horizontal plane and the other end
on a smooth vertical plane. Inclination of the ladder to the horizontal is 6. If a man of

weight n times that of the ladder ascends it and if the ladder is just on the point of

slipping when he reaches the top, calculate the coefficient of friction.
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UNIT 111

WORK, ENERGY AND POWER

3.1 WORK

A force is said to do work when its point of application moves. Let F be a force acting on a
particle. When the particle moves, from a point whose position vector is T, to a neighbouring
point, whose position vector is T + A T the work done in this displacement of AT is defined
to be the scalar product

F.AT

This scalar quantity is positive or negative according as the angle between F and A T is acute
or obtuse,the work done by a variable force F, when the particle describes an arc C, is the line

integral

frv.d-,
C

where T is the position vector of the particle.

Suppose that a constant force Fe" of magnitude F acts on a particle. When the particle moves

from a point A whose position vector is I; to a point B whose position vector is 15, the work

done bythe force is
25 1= & (Tz4a
fHFdr— Ffﬁdr
=F.[f]§_j
=F.(f - 1)
=F.AB
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= F AB cosB
= (Mag. of const. force) X (Dist. moved in the direction of the force),
where 8 is the angle between e” and AB.

3.1.1 Units of Work

The units of work in the different systems are given below:

System Unit
M.K.S. Joule
C.G.S. Erg

F.P.S. Foot-poundal

Joule: A joule is the work done by 1 newton in moving the particle through 1 metre.

Erg:An erg is the work done by 1 dyne in moving the particle through 1 cm.(1 joule =
107 eeges).

Foot-Poundal: A foot-poundal is the work done by 1 poundal in moving the particle through
Ifoot.

3.1.2 Work done in stretching an elastic string

Suppose OA is the natural length of a string. If the end O is fixed and the other end is pulled

to B, we shall term
OB as the stretched length of the string and
AB as the extension due to pulling.
Bookwork 3.1. To show that the work done in stretching a string is

(Initial tension + Final tension)

Extension X >
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Consider an elastic string of natural length a whose coefficient of elasticity is A. When the

stretched length of the string is X, let the tension be T. Then, by Hooke’s law,

B Extension o, (x—a)
~ " Natural length a

If the string is stretched further through an elementary distance dx, then the work done in this

stretching is

T dx.

Therefore, the work W done in stretching the string from its stretched length b to the

stretched length c is given by

¢ ¢ (x—a
W=dex=j7\ dx
b b

a

A 21¢
= Z_a[(x_a) ]b

A ) 2
=£[(c—a)—(b—a)]
A
=-lc-a) - (b-a)lllc - )+ (b - a)]
d

_2 b b
= -Dlc-a)+ b= a

c—bA( —2a) A(c—-a)
+
2 a a

(Initial tension + Final tension)
> :

= Extension X

3.2 CONSERVATIVE FIELD OF FORCE

Conservative forces: Certain forces have the property that the work done by them in

adisplacement of the particle from one point to another depends only upon the initial and
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final positions of the particle and not on the nature of the paths pursued by them. Forces of

this type are called conservative forces.

Conservative field of force: Let a force F be a vector point function of x, y,
z.Then F (x,y,2) is said to define a force field. If F is conservative, then the force field is

said to be conservative.

Bookwork 3.2. To show that in a conservative field of force, the force is the gradient of a

scalar point function.

Suppose the symbol (AP) denotes an arc of a curve joining A and P. On it ifE is a
conservative force and p(x,y, z) is a variable point and A, a fixed point (a, b, ¢), then the line

integral

f F.dr RS ¢
(AP)

depends on P(X,y, z) and not on the curve (AP). Hence the integral defines a scalar point

function, say @(x,y, z) such that

_ (xy2)
(p(x,y,z)zf F.dfzf F.dr
(AP) (a,b,c)

Further, let P, (x + Ax,y, z) be a point in the neighbourhood of P. Then

(p(x+Ax,y,z)=f F.dfz[ F.df+f F.dr
(AP;) (AP) (PP1)

=(p(x,y,z)+f F.dr
(PP1)

ox+ Ax,y,z) — (p(x,y,z)zf F.dr ... (2)
(PPy)
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If (PP, ) is chosen as the straight-line joining P and P;, then (PP, )is parallel to the x axis and
along it dy = 0,dz = 0, So, if F = F;1+ F,j+ F;k, then (2) becomes

Py
ox+Ax,y,2) — o(x,y,2) = (FiT+ Fyj + F3k) .dxT
P

P, (x+Ax,y,z)
- f F1 dX - f F1 dX
P (xy.2)

ox+A4xy,z) — ¢(x,2) 1 (x+Ax,y,z)

—_— F1 dX
Ax AxJixy2)
Taking limit as P, — P, that is, as Ax = 0, we get
¢ o o) e
Fi F; and similarly ay =F,, e F,
- 0 0 0@ —
F= 25 + —(P —(Pk =Vo

Remark 1: For a force field F, if there exists a scalar function ¢(x,y,z) such that F = Ve,

then F is conservative because

ae (0]
_fc (&d o dy +—dz fd(p

[elaho = @Gy.2) — @b,

which is independent of the configuration of C, where C is any curve joining A and P.

Remark 2. In a conservative field of force F, if C is any simple closed curve, then
f F.-df =0
c
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—

A P

For, if A, P, B, Q are points on C, then

R e e B Bt
C APB BQA APB AQB APB APB

Conversely, a force field F may be also defined to be conservative if the line integral of F

along any simple closed curve vanishes.

In the cases of friction and resistance, the above line integral will always be negative and

cannot vanish. So these forces are not conservative.

Remark 3. In a conservative field of force F,V X F = 0 because
Vx F=V x (Vg) = 0.

3.2.1 Energy

Mechanical energy is of two kinds, namely,

1. Kinetic energy

2. Potential energy

Kinetic energy: The kinetic energy T of a particle of mass m and p. v.T at any moment is

defined to be

2

PO SR SR
= —mrt r—zmv V—va.

N| =

Potential energy: When a particle is subject to the action of a conservative force, the work
that will be done by the force in the displacement of the particle from any point P to an
arbitrarily chosen fixed point A is called the potential energy of the particle at P. Thus the
potential energy V of the particle at P is

Units of energy: Kinetic energy and potential energy have the same units as work.
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3.2.2 Conservation of Energy

In the following bookwork, the first result is called principle of energy and the second result

is called principle of conservation of energy.

Bookwork 3.3 : To show that, when a particle is subject to the action of conservative forces,

(i)
(if)

(i)

(i)

the increase in K.E. in an interval is equal to the work done in that interval and

the sum of the K.E. and P.E. is a constant with respect to time.

Let 4, T; and V; be respectively the position vector, K.E. and P.E. of a particle

ofmass mat time t;. Let I, T, V; be the corresponding quantities at time t,. Then

T2 2 4T 24 1
T, — T, = [T]3? = dT = —dtzj —(—mr.'r)dt
? ' ™ T1 g dt g dt\2
1 t2 1 t2 t2 d F
=—| m@Er+ri)dt==| m@r.r)dt= j mr. (—dt)
2Jy 2 ) t1 dt

frz(mf).df = frzl?. dr

ri ri

= workdone in the interval t, — t;
Choosing the position vector of the standard point for the calculation of the P.E.

as Ty,

rO_ rO_ rO_ rl_ rl_
vz—vlzf_ F.df—f_ .dfzf_ F.df+f_ F.dfzf_ F.dr

r2 ro r2
r2_
:_-]- FdF:_(TZ_Tl):Tl_TZ

Tl + Vl = T2 + V2
Thus K. E. +P.E atr; is equal to K. E.+P.E atr,and consequently K. E. +P.E is a

constant.

Illustration 1:Verify the principle of conservation of energy in the case of a particle of mass

m falling freely under gravity.

100 | Manenmaniam Sundaranar Univewsity, Directorate of Distance and Continuing Education,

Fi booli



Consider a particle which starts from rest at O and hits the surface of the earth at A. Let

OA = h. We shall choose A as the standard point for the calculation of the potential energy.

Let P be the position of the particle at time t and OP = x. Let the kinetic and potential
energies of the particle at P be T, V. Then, by v> = u? + 2as,

T = %mv® = % m(2gx) = mgx
V = mg (AP) = mg(h — x)
T+ V =mgx + mgth — x) = mgh ....(2)
which shows that the mechanical energy of the particle is conserved.

Ilustration 2:Verify the principle of conservation of energy sliding down on a smooth

inclined plane freely under gravity.

Suppose a particle starts from rest at O on a smooth inclined plane OA. Let A be the standard
position for the calculation of potential energy. If x is the distance travelled in time t and v,

the velocity then,
T+ V =%mv? + (mg)(0A — x) sin«
= L m(2gsina x) + mgsina (0A — x)
= mg OAsin a
which is a constant. Therefore the mechanical energy of the particle is conserved.

EXAMPLES

1. Abody is projected along a rough inclined plane straight up with kinetic energy E.
Show that the work done against friction before the body comes to rest is

Epcosa

sina + pcosa,

where p is the coefficient of friction and «, the inclination of the plane to horizontal.

A L]
1}
mg cos a\

A g
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Let the velocity of projection be p. Then

Let the body move through a distance s before it comes to rest. Now the forces on the body

up the plane are

(1 Component — mg sina of the weight

(i)  Friction force -uR or — pmgcosa
So the acceleration of the body up the plane is
—(sina + pcosa)g

Therefore, by v2 = u? + 2as,

2E
0= P 2(sina + pcosa)gs.

E
s = _
m(sina + pcosa)g

Thus the work W done against the friction force is

W = (Friction) X (distance)
E Eucosa

= umg cosa X _ =—
m(sina + pcosa)g  sina + pcosa

3.3: POWER:

Power is the time rate of doing wok. The defining equation of power P is

_dw

P )
dt

Where W is the work done in time t. The units of power are watt and horse-power.
1 watt is 1 joule per second (1 kilowatt=100 watts)
1 horse power is 550 foot-pounds per second, that is, 550 g foot-poundals per second.

When the driving force F of an agent is a constant, the power developed then by the agent is

obtained from "W = Fs" as
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dw ds _

E_ E—FV.

In other words, when the driving force F is a constant, the power developed at a moment is

the force multiplied by the velocity at the moment.
EXAMPLES

Example 1 : Find the power of the pump which lifts 3000 litres of water per minute from a

wall 10 meters deep and project it with a velocity of 16 m/sec. (1 litre water is of mass 1 kg.)

The pump work in two different ways, one in just carrying the water vertically
upwards through 10m ant other in imparting to it a velocity of 16m/sec. when
projected. Letthe work done in 1 sec .in these two ways be w; and w, joules. Now the

mass of the water lifted in 1 sec. is

3000k 0k
co ke or g

Since the earth’s attraction acting on this water is 50 X 9.8 newtons =
490 netwons vertically downwards, the work done by gravitation in just lifting this
water through 10 meters is
—490 X 10joules or — 4900 joules
But the work done by the pump is the negative of this. So
w; = 4900
The work done by the pump in 1 sec. in imparting a velocity to the water, is the

increase in K.E. in 1 sec. which is

1
5 X 50 x 162 — 0 joules or w, = 6400 joules

Thus the total work done by the pump in 1 sec. w; + w, joules = 11300 joules and
hence the power of the pump is 11,300 watts or 11.3 kilowatts.

Example 2 : The total mass of a train is 500 tonnes. When it moves with a uniform speed of
72 km. p. h. on the level, the resistance due to friction is 16 kg-wt. per tonne. Find the power

developed then.

The train moves with a constant velocity. So its acceleration is zero. So the drawing
force ofthe engine just overcomes the resistance. Thus
Driving force = Resistance = 500 X 16 X 9.8n.
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72><1000_72>< 5 20m
60X 60 18 sec’
power = (Constant driving force) X (velocity)

= (500 x 16 x 9.8) x 20 = 15,68,000 watts
= 1,568 kilowatts.

const. velocity =

Example 3 : A lift of mass 300kg rises from rest with uniform acceleration through a height
of 15 m in 5 seconds. Find the power developed at the end of the fourth second and the

average power during the period of the five seconds.

Let the acceleration of the lift be a m/sec?. During the first five seconds. Since the

initial velocity in this period is zero and the distance travelled is 15m., from s = ut +
%atz, we get

1
15 = E.a.S2 ora=1.2.

Let the force exerted on the lift by the engine be F newtons. But the earth’s attraction
on the lift is 300 X 9.8 newtons. So the resultant force acting on it is
F — 300 X 9.8 newtons
So the equation of its motionma = F gives
300x1.2=F—-300x9.8 orF=3,300
Since the velocity at the end of the fourth second is 4.8m/sec., from
power = constant driving force X velocity, the rate of doing work at this moment is
3,300 x 4.8joules /sec. or 15,840 watts.

Also the average power, namely, force X average velocity is

o distance _ 3,300

time S joules /sec.= 9,900 watts.

Example 4 : A car of mass 1 tonne attains a maximum speed 45km.p.h. when freely running
down an incline of 1 in 10. What power must its engine develop to take it up an incline of 1

in 20 with the same speed if in both the cases the resistance is the same?
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In the first case, the car moves freely with a constant velocity down the plane. So its
acceleration is zero. So the gravitational force down the plane just overcomes the

resistance. Thus

Component of weight down the plane = Resistance R newtons

1
1000g x 0= R or R=100g = 980.

In the second case, the car moves up the second plane with a constant velocity. So in
acceleration is zero. So the driving force down the plane and
(1 The gravitational force down the plane and

(i) The resistance R.

1
F= 100g><2—0+R=490+980= 1470.

power = (constant driving force) X (velocity)

45 x 1000

=1470 X ———=1 .
70 50 % 60 8,375 watts

= 18.375 kilowatts.
Example S : A train of mass 400 tonnes is ascending an incline of 1 in 200 with an

acceleration of i m/s? Find the frictional resistance of motion per tonne of the train when

the speed is 20 km p. h.if the power developed then is 700 kilowatts.

The forces acting along the inclined plane are:
Q) The driving force F newtons up the plane
(i) The resistance R newtons down the plane

(iii)  The component along the plane in the downward direction of the weight of

the train, namely,

400 x 1000 x 9.8 x (1/200) = 19600 N
Hence the resultant force up the plane is:F — R — 19600

Thus, fromma = F:400 x 1000 X (%) = F — R — 19600 or

F = R + 80000 + 19600 = R + 99600
But we know that:Power = driving force X velocity. Hence the power
developed is 700000 watts.
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20 X 1000
60 X 60

700000 = (R + 99600) x or R =26400 N.

The resistance per tonne is:26400 / 400 = 66 N
3.4 SIMPLE HARMONIC MOTION

The motion of a particle moving along a straight line with an acceleration which is
always towards a fixed point on the straight line and whose magnitude is proportional to the
distance of the particle from the fixed point is called a simple harmonic motion. First we shall

find the equation of a simple harmonic motion.

Equation of motion:

A “ #
-

07X Eap

?

Let O be the fixed point, P the position of the particle at any time t and OP= x.Let T be
the unit vector in the direction as shown in the figure and the position vector of the particle

with reference to O at time t be 7. Then

7 = xIL. LT = X1

The acceleration is proportional to the distance from O. So its magnitude can be taken as n?x,

where n? is a positive constant. Further, the acceleration is towards O. Hence it is
n2x(-1).
Equating the above two quantities, we get
T = n?x(-1).
This is the equation of motion of the particle. The scalar from of this equation is

2

X = —n“x.

Harmonic motion: The term harmonic motion without the qualifier “simple” denotes a general
motion in which the variable x is not a displacement along a straight line but an angle 8 or an

arcual distance, etc., such that

0 = —n?0, § = —n?

s.
Bookwork 3.4 : In the S.H.M. whose equation is
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to express (i) x in t (ii) x in t (iii) X in X.

Let O be the fixed point towards which the acceleration is and let the particle be at rest

initially at A, where OA = a. The equation of motion may be rewritten as
(D? +nH)x = 0.

Its auxiliary equation is m? + n? = 0 and its roots are in and —in. So the general solution of

the equation of motion is

x = Acosnt + Bsinnt. ... (1)
From the initial conditions, when t = 0, x = a. So

a= Acosn(0) + Bsinn(0) or A=a.
Thus (1) becomes
x = acosnt + Bsinnt. ... 2)

X = —ansinnt + Bncosnt . 3)

But, whent = 0, v = x = 0. Therefore

0 = —ansinn(0) + Bncosn(0) or B=0.

Thus (2) and (3) become
X =acosnt, . 4)
X = —ansinnt or v=—ansinnt ... (5)

Eliminating t from (4), (5), we get

2

2
Z_2+an2:1 or Uzznz(az—xz) ............ (6)

v
2
Now (4), (5), (6) are the required results.
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Maximum speed: It is clear that, as ¢ increases from zero, x decreases from a and the speed

increases from zero. The speed is maximum when x = 0. This maximum speed is na.

Nature of motion: The particle has same speed at points equidistant from O. So the motion is

an oscillatory motion between A and A’, with O as the mean position, where 0A = 0A.

Other defining equations of S.H.M: If the velocity x of a particle moving in a straight line is
given by x? = n?(a? — x?), then its motion is simple harmonic because differentiation of this

with respect to ¢ gives

2x% = —=2n’xx or X = —n’x.

Also, if the displacement of the particle is given by x = a cos (nt + ¢), then also the motion

is simple harmonic. In this case

x =—-nacos((nt+g), or ¥ =-nacos(nt+¢)= —nx.
Also the equations

x=acos(nt+e), x = Acosnt + Bsinnt
define S.H.M.’s.

Now we furnish a set of definitions pertaining to a simple harmonic motion.

Oscillation:One complete motion of the particle from a point on its path to one extremity of

its path, then to the other extremity and back to the point, is called an oscillation.

Vibration:The motion of the particle from one extremity to the other extremity of its path, is

called a vibration.

Amplitude: The maximum distance through which the particle moves on either side of the
mean position of the motion, is called the amplitude of the motion (OA = a is the amplitude).

In an oscillation the particle travels along a distance equal to 4 times amplitude.

Period:The time taken by the particle to make one oscillation is called the period of the

motion.

In the above working, let the time taken by the particle to move from A to O be to. Then, from
4,

A
0=acosnty, or Nty =7 or ty=_.
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But the period T is four times t,. Therefore

T 2T
T=4—=—.
2n n

It is important to note that the period of a simple harmonic motion is independent of its

amplitude.

Frequency:The number of oscillations per second is called the frequency of the motion; that

is, the frequency is the reciprocal of the period. So it is

1 n
- or —.
T 21
Phase and epoch:The general form of the displacement x of the particle is
x =acos (nt + ¢€).

Here nt + ¢ is called the phase at time t. The initial phase, that is, the phase when t = 0, is
called epoch. So ¢ is the epoch.

Bookwork 3.5 :To show that, in a simple harmonic motion, the sum of the K.E. and P.E. is

constant.
K.EatP = %m(vel. )2 = %m[nz(a2 —x2)]
Taking O as the standard point for the calculation of P.E.,
P.EatP = f;(force)dx = f;(mjc')dx
- f; m(—n?x)dx = %mnzxz.
K.E+P.E = %mnz(a2 — x2)+%mnzx2 = %mnza2
which is a constant.

Bookwork 3.6 : If initially the particle is projected from A with a velocity V away from O
(OA= a) then to find the S.H.M.

Now the initial conditions are when
t=0x=av=x=V.
Soinx = Ccosnt + Dsinnt, C =a,D =%.
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Vv . X . 14
X = acosnt + ;smnt,;= —asinnt + ;COSTlt.

Squaring and adding these two, we get

or v

Amplitude: The amplitude of this motion is the value of x when x = 0. So it is

’ v2
Cl2+—2.
n

3.4.1 Projection of a particle having uniform circular motion.

In this section we consider a circular motion whose projection on a diameter illustrates a simple

harmonic motion.

Bookwork 3.7 : A particle moves along a circle with a uniform speed. To show that the motion

of its projection on fixed diameter is simple harmonic.

Let us have the following assumptions:
O : Centre of the circle
a : Radius of the circle

AA : A diameter of the circle

P : Position of the particle at time t
Q : Projection of P on AA
0 : Angle AOP
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W : Angular velocity 6 of P about O which is a constant
Let the distance of Q, the projection of P, from O be x. Then

x = 0Q = acosb.

X =—asind 8 = —awsind,
¥ = —aw cosf 8 = —aw? cosO
= —w?Xx.

So the motion of Q along the diameter is simple harmonic whose amplitude and period of

oscillation are

2

w

a,
Remark:Suppose initially P commences its uniform motion when 6 = €. Then, at time t,
0 = wt + ¢
Therefore, at time t,
x = acos(wt + ¢€).
Thus, in this case, at time t, the phase is the angle wt + ¢ and the epoch is €.
3.4.2 Composition of two simple harmonic motions of same period.

In this section we study the superposition of two simple harmonic motions.

Bookwork 3.8 : To show that the resultant of two simple harmonic motions of same period

along the same straight line is also simple harmonic with the same period.
Let the displacements in the two given motions be
X, = aqcos(nt+ &), x, = a, cos(nt + &)
Then the resultant displacement x is given by
X =X, +x, = aycos(nt + &) + a,cos(nt + &)
= a,(cos nt cos &; — sinnt sin &) + a,(cos nt cos &, — sin nt sin €,)
= (a,cos €, + a,cos €,) cos nt — (a,5in & + a,sin &,) sinnt
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= (a cos €)cos nt — (a sin g)sin nt

a cos(nt + ¢€),

where
A COS € = A4COS & + a,C0S &,a sin € = a,Sin & + a,sin &,
a= \/(alcos & + a,cos &)? + (a;sin & + a,sin &,)?
=Ja? + a? + 2a,a,c0s (g, — &)

and e = tan‘1 a1sin g1+a,sin €,

a,cos €1+a,cos €5

So the resultant motion is also simple harmonic with the same period as the component

motions. Its amplitude is @ and epoch is ¢.

Bookmark 3.9 : To show that the resultant motion of two simple harmonic motions of same

period along two perpendicular lines, is along an ellipse.

Choose the lines of motion as the x, y axes. Let us count the time from the moment when the

first particle is at one extreme of its path, so that at time t, its displacement is
X = a cos nt.
Let the displacement of the second particle, at that time t, be
y = bcos(nt + ¢)
= b(cos nt cos € — sin nt sin g).

Elimination of t from these two equations gives the equation of the path, corresponding to the

y = b<§cossi /1—2—2 sins)

resultant motion, as

2 2
b X .
or (X——cos e) = (1 ——) sin’e
b a a?
x2 x 2 .
or = —2cos e + 2 = sin%e
a ab a

which is an ellipse since the equation satisfies “h? — ab < 0”.
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EXAMPLES

Example 1 : The displacement x of a particle moving along a straight line is given byx=
A cos nt + B sin nt,where A, B,n are constants Show that its motion is S.H. If A=

3,B = 4,n = 2, find its period, amplitude, maximum velocity and maximum acceleration.
Differentiating x= A cos nt + B sin nt, twice w. r. t. t, we get
X = —n?x.
so the motion is simple harmonic.
When A=3,B=4,n=2,

x = 3cos 2t + 4sin2t
v=x = 2(—3sin2t + 4 cos 2t).
x? + (g)z =32 4+ 42
When v = 0,x = amplitude a = V32442 =5,
Max. velocity = na =2 X 5 = 10,

Max. acceleration n?a = 4 x 5 = 20.

Example 2 : A particle executes S.H.M. and while moving from the mean position to one
extreme position its distances at three consecutive seconds are x4, x,, x3. Show that its period
is

21
cos~H(x1+x2)/2x,}

Let the three consecutive seconds be t — 1,t,t + 1. Then, from "x = a cos nt",
X1 = aycosn(t—1), x, = acosnt, x3 = acosn(t+1).
x1 + x5 = afcos (nt —n) + cos (nt + n)}

= a{2 cos nt cos n} = 2x,cosn
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X1+ x3 _ X1t X3
=cosn or n= (0SS T ——.
2x, 2x,

But the period is 27” So the result, as stated.

Example 3 : A particle executing a S.H.M. with O as the mean position and «a as the amplitude.

When it is at a distance % from O, its velocity is quadrupled by a blow. Show that its new

amplitude is 2.

Let v and 4v be the velocities immediately before and after the blow and a;, the new

2

amplitude.Then from "x? = n?(a? — x?)

v? =n? [a2 — %2], ........... (1)

16v% = n? [a% — %2], .......... (2)

Eliminating v? from (1) and (2),

Example 4 : A particle is executing a S.H.M. of period T with O as the mean position. The
particle passes through a point P with velocity V in the direction of OP. Show that the time

which lapses before its return to P is

_q1 VT
2m OP’

Ztan
Y
Let the particle take a time t; to reach the end A from P. Then the time it takes to reach P from
A s also t;. Now the required time is 2¢t;. Let OP =b and OA = a. Then, considering the motion

from A to P, from x= a cos nt andv? = n?(a* — x?),

b=acosnt;, V? =n?(a? — x2).

2_p2

b a v
COS ntl = Z or tan nt1 = b = E
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But T = 27” or n= 2?7! Therefore,

2m VT 2t L VT
tan—t, =— or — =tan !—.
n 2mb T 2mb
T _ vT
2t ==tan™?!
s 2m OP

Example 5 : A particle P of mass m moves in a straight line OB under the force mn? X

(distance from A) directed towards A, where A moves along OB with constant acceleration a.

Show that the motion of P is simple harmonic, of period 27”, about a moving centre which is

always at a distance % behind A.
n

Let 1 be the unit vector along the line, OA = y and AP = x. Then the position vector of P with
respect to the fixed point O, is

r=(x+y0L
The force acting on the particle is
F = mn? AP(—0)= —mn?xT .

So, the equation of motion, m7 = F , is

m((X+3y)T=—-mn?xt or ¥+y=-n?

X.
But y = a. Hence
¥+a=-n%x or &= —nz(x+%).
Set x + % = X. Then X is the distance of P from a point Q behind A at a distance % and
X = -n?x
which shows that the motion of P is S.H. with period 27” and with mean position Q.
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Example 6 : A horizontal shelf oscillates vertically with a S.H.M. of period 2711 and amplitude

a. Show that a book of mass m resting on the shelf will not leave it provided
n? < g/a. In the case where it leaves, obtain its velocity then.

Let us make the following assumptions:

O : Mean position of S.H.M.

AA' : Highest and lowest points on the path

J Unit vector in the vertically upward direction
P : Position of the book at time t

X : OP

T © Position vector xd of P with reference to O

The forces acting on the book are earth’s gravitation —mg j and reaction of the shelf R j. So

the equation mr = F of motion of the book is
mXj=-mgj+RjJ
or mX =R—mg cieeen (D)
The period of the S.H.M. of the shelf is 27” So its equation is
¥=-n%x. . (2)
Thus, eliminating X from (1) and (2),
R = m(g — n*x).
This shows that as the shelf moves from O to A, that is, as x increases from zero, R decreases
gradually. But, at A, x = a. So, if n?a = g, that is, if n = \/gi/a, then R vanishes at A but

immediately becomes positive thereafter. So the book does not lose its contact with the shelf.

Ifn> / 9 / a» then R vanishes at a point between O and A and there the book loses its contact

with the shelf. At this moment the value of x is given by

g—n?x=0 as ng/nz.

116 | Manenmaniam Sundaranar Univewsity, Directorate of Distance and Continuing Education,
Finunelueli



The velocity v of the book then is obtained from x? = n?(a? — x?) as follows:

2 nta?—g2 1
v? =n? (a2 —9—4) =129 or v=-,/n*a? - g2
n n n

R does not vanish at all when the shelf moves from A’ to O because, in this motion, X is negative

and hence R is positive.
3.5 SSH.M. ALONG A HORIZONTAL LINE

In this section we consider simple harmonic motions along a horizontal line, the forces being

tensions of light elastic strings or light spiral springs. Here, by Hooke’s law,

Extension or compression

Tension = A
Natural length

Bookwork 3.10 : One end of a light spiral spring of length / is fixed to a fixed pointOon a
smooth horizontal table and a heavy particle of mass m is attached to the other end. If the

particle is pulled through a distance a, (a < 1), and then let go, to find its motion.

Let OA =l and AB = a. Let P be the position of the particle at time t after the particle is let
go. Let the direction OA be the positive direction to measure the distance and AP = x. Then
the acceleration of the particle in this horizontal direction is X¥ and the tension on it is in the

opposite direction with a magnitude

So the corresponding equation of motion is

X
mx= —AT

. 2
If we denote the positive constant - by n?, then

2

X = —n“x.

This shows that the particle executes a S.H.M. such that

117 | Manenmaniam Sundaranar Univewsity, Directorate of Distance and Continuing Education,
Finunelueli



. fa
) x=acosnt=acos —t

i) v?2=n%a*-x?%-= i(a2 —x?)
Im
iy T=2=21 |2
n Im

Remark: If the spring is replaced with an elastic string and 4, B, are points such that

0A = 0A, OB = OB, then the motion of the particle will be S.H. so long as the tension acts;

otherwise, it will be a free motion under no force. Thus the motions from
Bto A, Ato B, Bto/i, Ato B

Form a complete oscillation of the S.H.M. and the motions from A to A and A to A are free

motions with a constant speed. As such, the time taken for one full to-and-fro motion, from B

to B and back to B, is the period of the S.H.M. plus twice the time for the motion from A to A.

So it is
My _m, 2.2 =2 (2m+%)
n maximum veloctty n na n a
Im 21
= Z\E(” +2)
EXAMPLES

Example 1 : The ends of an elastic string of natural length a are fixed at points A and B,
distance 2a apart, on a smooth horizontal table. A particle of mass m is attached to the middle
point of the string and slightly displaced along the direction perpendicular to AB. Show that

the period of small oscillation is

2am

Let O be the midpoint of AB, P the position of the particle at time t, and OP = x. The force

acting on m along PO and towards O is

2T cos APO.
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Extension x

¥ = —2T APO = 20— —
mx cos APO nat. length AP

=2(%) 5= - (2-5)

2Ax a
- (2 - Va2+x2)'
For a small oscillation, x is small. So

a

vaZ+x?2

=2-1=1.

.. 2Ax . 22
mx=—7 or Xx = ——X.

a
. am 2am
Period=2w |— =7 .
22 A

3.6 SSH.M. ALONG A VERTICAL LINE

In this section we consider simple harmonic motions along a vertical line, the forces being

tensions of light elastic strings or light spiral springs and earth’s gravitation.

Bookwork 3.11 : A light spiral spring of length / hangs vertically in the position OA where O
is the point of suspension. Let OB be its equilibrium position when a mass m is attached to its
lower end and AB= a. If m is pulled vertically downward from B to C, through a distance b,

and let go, to find its motion.

The forces on the particle in the equilibrium position are
(1) Weight mg vertically downward

(i1) Tension T of the string upwards

with their magnitudes equal. Therefore,
mg = A % .......... (1)

Let us choose the downward vertical direction as the positive direction to measure the distance.
Let P be the position of the particle at time ¢. Let its distance from the equilibrium position B

be x. Then the acceleration in the positive direction is X and the forces in this direction are

(1) The weight mg
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(i1) The tension —A ali

mx =mg —AaT=m —A%—%x
=—%xby(1)

—_ A2

X =——x=-n%x, say.

So the motion is simple harmonic with B as its mean position. Its amplitude is b because at C

(BC= b) its velocity is zero. Its period and maximum speed are

21

=, nb.
n

Remark: Suppose that the spring is replaced with an elastic string. Then the motion of the
string from C to A will be S.H. and the motion above A will be a free motion under earth’s

gravity till the string becomes slack.
EXAMPLE

Two bodies of masses m andm are attached to the lower end of an elastic string whose upper

end is fixed and hang at rest. 1h, falls off. Show that the distance of m from the upper end of

a+b+ccos\/% t.

where a is the unstretched length of the string and b and c¢ are the distances by which it would

the string at time ¢ is

be stretched when supporting m and .

Let OA denote the natural length a of the string and B the equilibrium position of m so that

AB = b. When m is in equilibrium the forces on it in the downward direction are
mg, —A Z.
Their magnitudes are equal.

mg=A- . (1)
Similarly, for m,
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mg=1-. .

Therefore, from (1) and (2),

(m+1)g = A7,

That is, if C is the equilibrium position of m + h1, then
AC=b+c, BC=c.

Let P be the position of m at time ¢ after 11 falls off from C and BP= x. . Then

. b+c Ab  Ax
mx =mg — /17=mg—7—7.
mi=-2 by (1)
L _ A
X =—X.
am

Thus the motion of m is S.H. with B as the mean position. The amplitude is

BC= c because the velocity at C is zero. Therefore

_ /L — g
X = ccos amt—ccos\/;t by (1).

0p=0A+AB+x=a+b+ccos\/%t.
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UNIT 4

PROJECTILE

4.1 FORCES ON A PROJECTILES

In this chapter we study coplanar motions of particles under gravity only, neglecting
the air resistance and assuming that the motion is closed the surfaces to the earth so that g is a

constant.
Projectile. A particle or body projected is called a projectile.
Trajectory.The path pursed by a projectile is called the trajectory of the projectile.

Horizontal range. If O is the point of projection and if A is the point at which the projectile

hits the horizontal plane through O, then OA is called the horizontal range.

Range on an inclined plane. Suppose OA is a line of greatest slope on an inclined plane. If a

particle projected from O hits on OA at B, then OB is the range on the inclined plane.
4.1.1 Displacement as a combination of vertical and horizontal displacements

The only force acting on a projectile is the earth’s gravity which is always vertically
downward. So the projectile has an acceleration g always in the vertically downward direction.
Now we shall consider the displacement of the projectile as a resultant of the displacements in

two perpendicular directions, namely,
(1) Horizontal direction
(i1) Vertical direction

Q) Horizontal displacement. In the horizontal direction there is no force on the

projectile. So the acceleration of the projectile in this direction is zero and hence
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the projectile moves in the horizontal direction with a constant velocity which is the

component of the velocity of projection in this direction.

If the projectile is projected with a velocity u in a direction which is inclined to the

horizontal at an angle a, then its horizontal component of velocity is
ucosa
So the horizontal displacement of the projectile in time t is
(velocity) x (time)
or(u cosa)t.

(ii) Vertical displacement. To study the vertical displacement we shall choose the
upward direction as the positive direction for measuring the distance of the particle. In this
direction the acceleration of the particle is —g. So the vertical displacement can be studied with

the equations meant for constant accelerations a, namely,
v =1u+at,
s=ut+ %atz,
v? = u? + 2as.
Now a = —g and the initial velocity in the positive direction is
u sin a.

4.1.2 Nature of trajectory

Bookmark 4.1 To show that the path of a projectile is a parabola.
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Suppose a particle of mass m is projected from a point O with a speed u in a direction
which makes an angle a with the horizontal. Let the particle hit the horizontal plane through

O, at A. Choose OA as the axis and the upward vertical line through O as the y axis. Let

p=(xy)

be the position of the particle at time t. Then the horizontal and vertical displacements of the

particle at time t are

(x,y)

Since earth’s gravity is the only force on the projectile the horizontal and upward vertical

components of the acceleration are
07 -2

Therefore the horizontal component of the velocity is always a constant which is the initial

componentu cos a. Therefore the horizontal displacement in time t is
x= (velocity)X(time)=(u cos a}t. ... (1)

For the upward displacement during the motion of the particle from O to P, we have

Initial velocity ‘usina Formula D S=ut+ %at2
Acceleration D —g sy=usina — % gt ... (2)
Time Dot

Distance travelled Dy

Now (1) and (2) are the parametric equations of the trajectory. Its xy equation is obtained by

eliminating the parameter t as

usina{ X } g{ X }2
y— ucosa 2 ucosa
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gx?

2u?cos?a

or y= xtana —

This is a second degree satisfying the relation “h? —ab=0". So it represents a parabola. Hence

the trajectory is a parabola.

Second Method (Vector Method).Choose the x,y axes as in the first method and P(x,

y) as the position of the particle (of mass m) at time t.

If T and j are the unit vectors in the Ox and Oy directions, then the position vector of P

is
7 =x T+y]J.
The only force acting on the particle is its own weight mg (-j). So the equation of motion,
m# = F, the particle is
mr=-mgjor r=—gJj.
Integration of this with respect to t,gives
r=—gtj+A,

where A is a constant vector. But, when t=0, ¥ = u cosa I+ u sinaJ , because the components

of the initial velocity u in the T and j directions are respectively u cosa and u sina. So,
u cosa +usinaj = —g(0)j+A or A = u cosa i+ u sinaj.
7 = —gt j+(u cosa I+ u sinayj)
=ucosa 1+ (u sina — gt)j
Once again integrating, we get
7 = u cosat 1+ (u sinat — %gtz)]‘+§.
But, when t=0,7 = 0 . So,
0 = u cosa(0) T+{(u sina(0) — %g(O)Z) }j+1§.
That is, B = 0. Thus we get
T =ucosat v+ (u sinat — 12g¢2)].
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X = ucosat

] 1
y = usinat —Egtz.

Eliminating t from these two equations, we obtain the equation of the trajectory to be

gx?

=xtana — ————
y 2u2cos?a

This is a seconddegree equation satisfying the relation“h? —ab=0". So it represents a parabola.

Hence the trajectory is a parabola.

Remark. The above equation can be rewritten as

< uzsinacosa>2 2u?cos?a < uzsin2a>
X — = y —
g g 2g

which shows that the parabola has a downward vertical as its axis

P z ¥ i
g Ppisinine ais ool ’- --------- H ;
I M ‘ v tuz_img _yz.s‘mz.s;)
) : : bl . 2
21. - : .:S g T g
10/ "\;L‘ E \ 25
l '..o ig : s
5 — %

2 R
(Zu sinacosa'o)
g

Its latus-rectum (2u?cos?a)/g and its vertex v is

)

(uz sina cosa uzsinza)
g 29

Height of the directrix. Let Z be the point on the directrix vertically above V and M,
the point on the directrix vertically above O.Then the height of the directrix above O is

OM=y coordinate of V+VZ

=y coordinate of V+%(latus rectum)

in2 2002 2
sina 1 (2u”cos u
+= ( ): il
29 4 g 29

Since u?/2gis independent of the angle of projection a, we achieve that,
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if several particles are projected from a point with the same speed u but in different directions
(in the same vertical plane), their trajectories have the same horizontal line as their directrices

which is at a height u? /2 gfrom the point of projection.

Distance of focus from the point of projection. If S is the focus of the trajectory, then
from the focus—directrix property of the parabola, that is, fromSO=0OM, we get that
OS=u?/2g.From this we achieve that,

if several particles are projected from a point with the same speed u but in different directions
(in the same vertical plane), then their trajectories have their foci on a circle whose centre is

the point of projection and radius is u?/2g.

Bookwork 4.2. The speed of a projectile at any point on its path equals the speed of a
particle acquired by it in falling from the directrix to the point.

Let the projectile be projected from a point O with a speed u and with an angle of
projection a.Let M be the point on the directrix of its path vertically above O. Then we know
that the height of the directrix above the point of projection is

OM=—
29

So also, if P is the position of the projectile at an arbitrarily chosen moment and if v is its speed

then,
v?
PQ=—

where Q is the point on the directrix vertically above P because, when the projectile is moving
at P with speed v, it can be assumed that the projectile is then projected, from there with a speed

v along the tangent at P.
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When the other particle falls through the distance QP, starting from rest at Q, its velocity

at P, say V, is obtained, from the formulav? = u? + 2as, as
2
VZ=0+2gPQ = ZgZ—g = v? orV=v.

This completes the proof.

Maximum height. From the equation of the trajectory we see that the maximum height

attained by the particle is the y-coordinate of the vertex, namely,

u?sin?a

2g

Horizontal range. If the horizontal range is R, then (R,0) is a point on the parabola and

hence substituting in the equation of the parabola,

gR?

2u2cos?a

O=Rtana —

R
or R( tana — 2g > )=0.
2u“cos“a

R=0 corresponds to the initial position and the range is

2u?cos?a 2u? sina cosa
= tanqg = ———.
g
2 .
u“sin2a
R= .
g

We obtain such results differently in the following bookwork.
4.1.3 Results pertaining to the motion of a projectile.

Bookwork 4.3. A particle is projected from a point O on the ground with a velocity u

inclined to the horizontal at an angle a. It hits the ground at A. To find

(1) Maximum height H attained by the particle
(i) Time taken to attain the maximum height
(ii1) Time of flight (from O to A)
(iv) Horizontal range R (Range on the ground)
(v) Velocity at time t.
Choose the vertically upward direction as the positive direction to measure the distance of the

particle.

(i)  Maximum height H.
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Let V be the topmost point of the trajectory. Then, for themotion from O to V,

considering the vertical displacement, we have

(i)  Time taken to reach the topmost point. For the motion from O to V, considering

the verticaldisplacement, we have

Initial velocity : usina | Formula. v = u + at,
Acceleration =g 0=u sina — gt
Final velocity 0 St = us;na

Time : H

(ili)  Time of flight. For the motion from O to A, considering the vertical displacement,

we have
Initial velocity : u sina Formula. s = ut + %atz,
Acceleration  :—g 0=u sinaT — %TZ
Final velocity 0 aT =2 ;ina
Time : H

T=0 corresponds to the initial position.
(iv) Horizontal range R.

Horizontal velocity (a constant) :  u cosa

2u sina

Time of flight T =y

2u sina

R= (Horl. Vel.)X(time) =u cosa X —

_ u?sin2a
g
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Note:R= 5 (Initial horizontal velocity) X (Initial vertical velocity)

(iv)  Velocity at time t.

Let the particle be at P at time t. Let its velocity there be V and its horizontal and upward

vertical components be vi,v2. Since the horizontal components is always u cosa,
V1= cosa

Considering the vertical displacement, for the motion from O to P, we have

Initial velocity: u sina Formula. v = u + at,
Acceleration:—g v, = usina — gt.

Final velocity :t

Time Uy

V={v? + v2 = \/(u cosa)? + (usina — gt)2

= Ju? — 2u g sinat + gt2.
The angle made by this velocity with the horizontal is

tan~1%2 = pqn-1 LSnegt
v, u cosa

Bookwork 4.4.To verity, in the case of a projectile,
K.E+P.E= a constant
Let m the mass of the projectile. Then, with usual meanings, at time t,

K.E = %mv2 = %m(u2 — 2u g sinat + g%t%). ... (1)
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At time t,let the vertical height of the particle be h. Then, considering the vertical displacement,

we have

Initial velocity: u sina
Acceleration:—g o~ h=usinat— % gt?

Final velocity :t

Time :h
Thus, choosing the point of projection O as the standard point, P.E. at time t,

PE=mg x h = mg(usina t — %gtz) ...... (2)

K.E+P.E= %muz

which is a constant.
4.1.4 Maximum horizontal range for a given velocity.

Suppose a particle is projected with a velocity u and with the angle of projection a.

Then we know that its horizontal range is

u?sin2a
g

For the same velocity u, this range assumes different values for different a’s and it

attains the maximum value when sin2a is a maximum. But the maximum value of sinZ2«a is
2

1. So the maximum horizontal range isug.The corresponding angle of projection is given

by2a=90°. So it is 45°.

4.1.5 Two trajectories with a given speed and range

2
If the given speed is u and the given horizontal range is R, R<Z , then the
g Y g g P

corresponding angle of projection « is given by

u?sin2a
=R
g
. __gR
or sin2a = e ()
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So, from trigonometry, we see that there are two values for 2a satisfying (1). The sum
of these values is 180°. In other words, there are two values for & whose sum is 90°.Hence, for
a given speed, there are two trajectories giving the same horizontal range. If the two values of
a are 6 and 90°—6, it can be seen that the directions corresponding to these two values are

equally inclined to the direction which gives the maximum horizontal range because
(45%—(8) = (90° — 9) — (459).
EXAMPLES

Example 1. A ball is projected so as to just clear two parallel walls, the first of height @ at a
distance b from the point of projection and the second of heightbat a distance a from the point
of projection. Supposing the path of the ball to lie in a plane perpendicular to the walls, find

the range on the horizontal plane and show that the angle of projection exceeds tan™13.

P TPk
(R,0)

With the usual notations, the equation of the trajectory is

gx*

2u?cos?a

y=xtan a —

Range. The trajectory passes through the points
(b,a), (a, b), (R,0),

where R is the horizontal range. So,
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gb?

a=btan a — regizn | e (1)

b ge_ 2
=atana — oS- 2)

0=R 9R” 3
=Rtana————— (3)

.. . g ..

Now, eliminatingtan a and wZcosia from (1), (2), (3), we get the eliminant as
a b b? a b b?
b a a*|=0o0rb a a?|=0
0 R R? 0 1

ie,a(aR —a?) — b(bR) + b?(b) =0 or k(a?—b?) =a®- b3

__a®-b® _ a’+ab+b?
T aZ-pz a+tb

Angle of projection. To get tana consider a? X (1) — b? X (2). Then

(ba? — ab®)tana = a3 — b3.

a3-b3 a’+ab+b?
tana = =
ab(a-b) ab
2 2
_q1 a“+ab+b
a=tan ! ——.
ab

Restriction on a. The angle « is such that

a?+ab+b? _ (a—b)?+3ab

tana =
ab ab
_ (a-b)?
=—=—*3.
—_n\2
But % is positive and 0 when a = b.

tana > 3 or a > tan~13.

Example 2. A particle projected from the top O of a wall AO, 50 m. high, at an angle
of 30° above the horizon, strikes the level ground through A at B at an angle of 45°. Show that
the angle of depression of B from O is
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With O as the origin, etc., the equation of the trajectory is

gx?

y=xtana — = (1)
If AB= a, then B is
(a,—SO)
which satisfy (1). So
f— frd fr— gaz
S0=atana ———— 2)

But the slope of the curve at A is tan 135° or —1.Finding the slope by differentiation,

dy _ gx _ ga
(E) - [tan a = uzcosza] —q tana — u2cos?a
(a,—50) x=a

—1=tana — =2 ... 3)

u2cos?a’

Thus (2) —g x (3) and @ = 30° give

1 1
—50 —a(— > + Etana), a
If 6 is the angle of depression at O,

_ 04 _ V3-1 _ +3-1
tan6_03_501oo\/§__2\/§'

Example 3. (i) A particle is projected over a triangle from one end of its horizontal
base to graze the vertex and fall at the other end of the base. If B and C are the base angles

and a, the angle of projection, show thattana = tanB + tanC.
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(ii) A particle is projected from a point P at an angle of 30° to the horizontal. If PQ is

its horizontal range and if angles of elevation of the particle at P and Q at any instant of its

flight are A and B respectively, show thattanA + tanB = %

Q) Let the projectile be projected from B with a velocity u. Let AL be the altitude
through A and

AL =h,BL =a,LC = b.

If B is the origin and BC, the x axis, then A and C are
(a,h),(a+b,0)

and the equation of the trajectory is

2
gx
=xtana — .
y 2u?cos?a
This is satisfied by A and C. Therefore
a? a+b

h =atan ¢ — —2 X 0=tana—M.
2u?cos?a 2u2cos?a

Eliminating u, by multiplying the first by a + b and the second by a? and then subtracting,

(a+ b)h = ab tana.

Q>

tana = +% = tanB + tanC.

i tana = tanA + tanB = tan 30° = tanA + tanB.
(ii)

Example 4. A particle is projected with a velocity whose horizontal and vertical
components are U and V. If Py and P> are the points on its trajectory at the same height h

above the point of projection, show that
PP, = %",/vz —2gh.
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With usual notations, we have
U=ucosa
V=usina
Let the particle attain a height h at time t. Then
. 1 .,
h = usina t -39t
1 0
or h=Vt- gt

or gt’=2Vt +2h =0

The roots of this quadratic are the two values of t at which the particle is at the height h. Let
them be ti, t2. Then

2V 2h
t1+t2 = ;, tltZ = ?

4V?  8h v? — 2gh
(t,_t)? = (£t + t,)? — 4tqt =———=4<—>
2—-% 1 2 1%2 gz g gz

tZ—tl = 5«/172 - Zgh.
So the time interval for the particle to move from Py to P2 is t,_t; .
P1P2 = (tZ—tl)U = %'\/UZ - Zgh

Example 5. If vi and v, are the velocities of a projectile at the ends of a focal chord

of its path and v, the horizontal component of its velocity, show that
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Let P, SP, be the focal chord and I, the semilatus rectum of the parabola. Then we

know, from geometry, that

1 1 2
Tt (1)

If Q4,Z, Q, are the points on the directrix vertically above P;,V, P,. Then
SP1 = P1Qy, 5P, = P,Qz, 5 =VZ

Thus, (1) becomes

1 1 1

= 2
P1Qq + P2Q2 vz ( )

But we know that the velocity of a projectile at any point on its path is the velocity of a

particle falling freely from the directrix to that point.

Thus,
vi =29 P1Q1, v3 =29 P,Q;, v =2gVZ
2 2 2
OrPyQy =3t PQr =35, VZ =1

Substituting these in (2), we get

29 29 2g 1 1 1
2T 2T 0 2T E=5
vi v v vy 5 v

Now the velocity of the projectile at V, namely v, is the horizontal component of its velocity.
4.1.6 Projectile projected horizontally.

Bookwork 4.5.A particle is projected horizontally from a height. To show that the

equation of its path can be put in the form

2u?
x2 = 7:)/
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Choose the horizontal line and the vertical downward line through the point of
projection, say O, as X, y axes. Let P(x, y) be the position of the particle at time t. Now the

horizontal component of the velocity is the constant u.
x=ut. . (D)
Choosing the y direction as the positive direction,

Initial vel. -0

Acceleration: g Ly = % gt? (2)

Time 't

Distance 'y

Eliminating t from (1) and (2), we get the equation of the trajectory as

2u?
x?="=y.
g

Bookwork 4.6.A is a point on the ground. O is a point above A such that AO = h. A particle
projected horizontally from O hits the ground at B. To find the time of flight T and the range
AB.

Choosing the downward direction as the positive direction to measure the distance in

the vertical displacement, we have, for the entire motion,

Initial velocity : 0  Formula. s = ut + %atz,

Acceleration :gh = % gT?

Distance :h T = |—.

Time ‘T
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The horizontal component of the velocity is always u. Therefore
AB= (Horizontal velocity) X (Time) = u f%h

4.2 Projectile projected on an inclined plane

In this section we obtain the time of flight and range of a projectile projected to travel above a

line of greatest slope of an inclined plane.

Bookwork 4.7. When a particle is projected from a point O on a plane of inclination § with a

velocity u making an angle a with the horizontal, to find
(1) T, the time of flight

(11) R, the range on the plane.

Motion perpendicular to the plane. Let us consider the direction perpendicular to the plane

in the upward sense. The angle between this direction and the initial velocity is
90°—(a — ).
So the component of the initial velocity in this direction is
u sin(a — f3).

Now earth’s gravity is the only force acting on the particle. So the acceleration of the
particle is g vertically downward. Hence the acceleration of the particle in the upward

perpendicular direction is

—g cosp.

Time of flight T.Let the particle hit the inclined plane at B. Then, for the motion from

O to B, in the upward perpendicular direction, we have
Initial velocity :usin(a — ).
Acceleration : —g cosp.
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Time :T
Distance :0(At B, the distance perpendicular to the plane is zero.)

Therefore, from s = ut + %atz,we get

2usin (a—pf)

—udi _ _1 2 _
0 =usin(a—p)T > g cosfT=.SoT = 5 cosp

Range on the inclined plane. Let N be the foot of the perpendicular from B to the
horizontal line through O. Then ON is the horizontal displacement of the projectile when it

moves from O to B. So

ON= (Horizontal velocity) X T

2usin(a—p)

= (ucosa) 5 cos

__2u?cosasin(a—p)

g cosf
ON ON
Now, from AONB, cosff = =R and so
__ ON __ 2u?cosasin(a—p)
cosf g cos?p

An important note. Ifo > 90° then the algebraic value of the range is negative, that

is, the actual range is down the plane.

Alternative method. The range R on the inclined plane may also be obtained from

the equation of the trajectory

gx?

=xtana — .
y 2u?cos?a

Now B is (R cos 8, R sin 8) and it lies on the trajectory. So it satisfies the equation.

Therefore, substituting, we get

. gR?cos?p
Rsinf =R cos f tana —=————
ﬁ ’8 2u?cos?a
Division by R gives
2 .
gcos“f . sin B .
————F— = c0S b tana — sin =COoOSp———Sn
2u?cos?a B B 'Bcosﬁ B
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__cosBsina-sin B cosa _ sin(a—p)
cos a cos a

__2u?sin(a—p)cosa

R g cos?p

4.2.1 Maximum range on an inclined plane

Since 2sin(a — B)cosa = sin(2a — B) — sin B, the range R on the inclined plane

can be rewritten as

[sin(2a — B) — sin B].

" g cos?B

Heref is a constant. So, for a given speed u, R is a maximum whensin(2a — f8) is a

maximum, that is, when sin(2a — ) = 1. So the maximum R for a given speed u, is

u2(1-sinB) _ u?
g (1-sin? B) - g(1+ sin B)

u2
g cos?p

(1—-sinpf) =

The value of a corresponding to the maximum range on the inclined plane is obtained from
2a — f =90°

as

a =45 +-p.

If OA is the horizontal line, OC the vertical line through O and OD the direction of projection

giving the maximum range, then
1 1
£BOD = (45° +§,[>’) — B =45° _Eﬁ'
£COD = 90° — (45° + ) = 45° —>p

which show that OD bisects the angle between the inclined plane and the vertical line.
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Maximum range down an inclined plane. For a given speed u, the maximum range

down the inclined plane is obtained as

u2

g(1=sin p)
by replacing B with 180%+p in (1).
EXAMPLES

Example 1.A particle projected with a speed u strikes at right angles a plane through the
point of projection, inclined at an angle S to the horizon. If &, T and R are the angle of

projection, the time of flight and the range on the inclined plane, show that

Q) cot f = 2tan(a — )

(i) cot f = tan a — 2tanp.

(i) T=———
g/1+3sin?p
(iv) _ 2u’sing

T g(1+3sin2p)

(i) Condition for perpendicular hit.See the Bookwork. Let OB be the range. Since
the particle hits the plane perpendicularly at B, the velocity component along the plane at B is

zero, that is, at t = T it is zero. So, from v = u + at,

0=ucos(a—p)— gsingT ... (1)
But, in general,
__2usin(a-p)
T = T s (2)

Thus the condition for perpendicular hit is

2u sin(a—pB)
g cospB

0 =usin(a—,8)—%gcos,8
or cot fp=2tan(a—-) . 3)
(i)  Expansion oftan(a — f3) yields the result
cot f = tana — 2tanf.

(ii)  Findingu sin(a — f), u cos(a — B) from (2), (1) and squaring and adding,
we get
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1
u? = (sin?p + Zcoszﬂ)ngZ.
g%(4sin?p + cos?B)T? = 4u? or g?(3sin?p + 1)T? = 4u?.

2u

(iv) In general, considering the displacement along and up the plane in the motion

from O to B, we have
Initial velocity :u cos (a — f8) Time: T
Acceleration :—g sinﬁDistancl :R.
From “s = ut + %atz”, we get
R =usin(a — )T —% gcospT? ... (5)
(5)—T x (1) gives
R = TZ(—% g sinf + g sinp) = T? G g sin,B)

4u? 1
g%(1+3sin2p) 2

gsinB  by(4)

_ 2u’sinp
T g(1+3sin2p)’

UNIT V
CENTRAL ORBITS

5.1 GENERAL ORBITS

In this section we get the orbits of particles when their velocity components or their

acceleration components are given. Central orbit is an orbit under a central force.

Central force:
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When a particle is subject to the action of a force which is always either towards or away

from a fixed point. If the particle is said to be under the action of a central force.

The velocity and acceleration components in the radial and transverse directions are as

follows.

Velocity components: T, r 6
. . - 1d :
Acceleration components:t — r82,-— (r24),
rdt

Conic:Now it is necessary to remember that the polar equation of a conic is
l
— =1+ ecosb,
T

if one focus S is the pole and SA is the initial line as in the figure. 1 is the semilatus rectum.

Equiangular spiral:

Equiangular spiral is a curve which is such that the angle between the radius vector and the

respective tangent is a constant, say «. Its polar equation is

r=A4 e(cota)e

where A is a constant.

EXAMPLES
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Example 1 : The velocities of a particle along and perpendicular to the radius vector are

Arand p6. Find the path and show that the acceleration components along and perpendicular

. 2 uz6? u
to the radius vector are A“r — — ,ul (A + ~)-

Solution:

It is given that: f = Ar or % =Ar,r 0 = ub or % = ub.

Dividing (1) by (2), we get

1dr_/1r 1d _Alde
rdB_uBOT r uo

On integration, we get the equation of the path as
L_4 logh + A
m— 0g :

The acceleration along the radius vector is

. oo _dif o, d@r) 1o\?
i —rg2 = 5 —rg2 =0 — 1 (2)° by (1), 2)
dr u®6? u6?
= Ao === AGr) -
2 MZQZ
—.

The acceleration perpendicular to the radius vector is
r20 2 H9
() =15 () o
h9+rﬂ me+um

= ub [A+%].

Example 2 : The velocities of a particle along and perpendicular to the radius vector from a
fixed origin are a and b. Find the path and the acceleration along and perpendicular to the

radius vector.

Solution:
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It is given that r = a,rd = b.

Dividing the first by the second,

Fo_a gyldr_a
r® b rdd b
dr = 2o
—adr = —
r b

Integration gives the equation of the path as

a

] =
ogr =

r
0 + logCorE = el orr = Ce/v?

which is the equation of an equiangular spiral. Also 7 = 0 and 6 = b/ r - Sothe

acceleration components are

(1) 1'”'—T6?'2=0—rb2=—b72

r2

o 14 (ap) _1d . _bi_ab
(") rdt r 6) _rdt(br)_ r o or

Example 3 : Show that the path of a point P whose velocity is such that its components in a

fixed direction and in the direction perpendicular to the line joining P into a fixed point O are

respectively the constants u and v, is a conic with a focus at O and eccentricity %

Solution:

Let O be the pole and OA, the given fixed direction, the initial line. Then the

components of the velocity u in the radial and transverse directions are
U cosf,—u sind,
&7 =ucosh,r 0 = v — usind,
Dividing 7 by 8, we get

1dr _ ucosf
rdd v —usind’

Integration gives

logr = —log(v — usin@) + logC
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C

r=——— 0or —=7v—usinf
v — usinf r
C/v u
—=1-—-—sind.
r v

So, the path is a conic with its focus at O and eccentricity is % .

Example 4 : A point P describes an equiangular spiral with a constant angular velocity about
the pole O.Show that its acceleration varies as OP and is in a direction making with the

tangent at Pthe same constant angle that OP makes.
Solution:

The equation of an equiangular spiral isr = a €°°°*® where a, a are constants.a. is the angle
between the tangent at any point and the radius vector to that point.Let the constant angular

velocity be ®.Now,

Ocotacntal = wceotar

I =ae
¥ = wcotar = w?cot?ar.
Then the radial and the transverse components of acceleration are

¥ —1r0? = w?cot’ar —rw? = w?r(cot’?a — 1)

1d : w w
——(r?4) = — (2ri) = — 2rwcotar) = 2w?rcota.
rdt r T

= Acceleration =\/w* 1% (cot? « — 1)? + 4 w*r? cot? a

= \/oo‘*rz(l + cot?a)?
= w?r cosec? q,
which is proportional to r.

If B is the angle between the radial direction and the direction of the acceleration, then

tang Transverse component 2 w?rcota
an = =
Radial component w?r (cot? a — 1)
2tan «a
= ——— = tan2Za.
1 — tan?a
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So B = 2a. But the angle between the radial direction and the tangent is a.So, the

anglebetween the tangent and the acceleration is a.
5.2 CENTRAL ORBITS

In this chapter we study the motion of a particle subject to the action of a central force.

Central force:When a particle is subject to the action of a force which is always either
towards or away from a fixed point, the particle is said to be under the action of a central
force. That is, a central force is a forcewhose line of action always passes through a fixed

point.

Centre of force: A central force is a force whose line of action always passes through a fixed

point.The fixed point is called the centre of force.

Polar coordinates: To study the central motion of a particle we use polar coordinates (r,

0),choosing the centre of force as the pole and a fixed line through it as the initial line.
Notation: We shall denote the central force per unit mass by

() f,

where T is the unit vector in the radial direction in the sense in which r increasesand ¢(r) is a

function of distance r of the particle from the centre of force.
Central orbit: The path described by a particle under a central force is called a central orbit.

Bookwork 5.1.To show that a central orbit is a plane curve.

(]
Let us make the following assumptions:
O : Centre of force

P : Position of the particle at time t

r: OP(r = OP)

148 | Manenmaniam Sundaranar University, Directerate of Distance and Continuing Education,
Finunelueli



t : Unit vector along OP
m : Mass of the particle
o(r) t : Central force per unit mass
Then the equation of motion of the particle is
mi =mae()f or ¥ = @)t cerieneeen(1)

Let us consider, in particular,

(FXP)=FrXr+7X71
=0+7X ()T

=0.

This implies thati X 7 is a constant vector, say ¢.Then# or OP is always perpendicular to

¢.So P is always in the plane through O and perpendicular to ¢.Hence the motion of P is

coplanar and the orbit is a plane curve.
5.2.1 Differential equation of a central orbit.

We now obtain the equation of a central orbit in polar coordinates.

Bookwork 5.2.To obtain the differential equation of a central orbit in polar coordinates.

Let us make the following assumptions:
O : Centre of force

O : Pole

OA : Initial line

P(r, 0) : Position of the particle at time t
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¢(r) : Central force per unit mass in the direction OP
m : Mass of the particle

The motion is a coplanar motion. We shall consider the equations of motion
corresponding to the radial and transverse directions. We know that, in these directions, the

acceleration components are

The force components in these directions are

me(r), 0.

Therefore, the respective equations of motions are

m(¥ —r62) =me@) or ¥ —r62 = o(r), ... (1)
1d d
m-— r20) =0 or ;E(rzé?) =0 ... (2)

Differentiation of r = % with respect to t gives

dr_ 1 du 1 dud®

dt  u?dt  u?dodt

1d d

=—§£(hu2)=—hﬁ by (3). e (B
. d?r B d (du) B d (du) do
Tdtz T dt\d9)  de\de/ dt

— _ dz_u 2 — _ K2 2‘12_u

= —h—(hu?) = —h*u* —  by(3). .......(5)

Substituting these values of + and 8 in (1),

2

d“u
—h2u? 207 r(hu?)? = ¢(r)

Since r = 1/ u » this can be written as
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du e
dez " "~ h2u?

This is the equation of the central orbit in polar coordinates.

Differential equation for an attractive central force: If the central force is an attractive

one, that is, a force towards O, having a magnitude F per unit mass, then

@(r) = —F
in which case the differential equation of the orbit becomes

d*u F

a0z T¥ T e

Apse: If O is the pole and P is a point on a curve such that OP is perpendicular to the tangent
at P, then P is an apse. If P is an apse OP is a maximum or minimum od r, Forexample, in an

ellipse, if S is the pole, then the ends of the major axes are apses.

Maximum and minimum angular velocity: Sincer? fis a constant in a central orbit, the
angular velocity of the particle about O is a maximum or minimum according as the radius

vector r is a minimum or maximum. So, at an apse, the angular velocity of the particle is

. . .. . du
either a maximum or minimum. The apses are given by£ = 0.

Force per unit mass: The force per unit mass is

o(r)f = —h?u? (3% + u) o (6)

Velocity v at P: We know that in a coplanar motion the velocity components along the

radialand transverse directions are
r,ro.

2

d 1
5) A by @,

~v? = ()% + (ré)z = h? (@

2

du du
_p2 (2" 2.2 — p2|(ZZ
=h (d@) thum=h l(d@)

2

+ uzl. e (7)

Areal velocity:

151 | Manenmaniam Sundaranar Univewsity, Directorate of Distance and Continuing Education,
Finunelueli



Let the initial position of the particle be Q and the position at time tbeP(r, 0).Let the area
OQP swept by the radius vector moving from OQ to OP be A.Then

dA
dt

Is called the areal velocity of the particle.

Let p’ be the position of the particle at time t 4+ At, then
1
AA = Area POP' = EOP' OP'.sinA6

= %r(r + Ar)A6 Since A is small.

AA 1 o+ A )AO
a2 VT
So the areal velocity of P is
AN dA 1 .
Atlim0— = — = =r?0.

> At dt 2

Constancy of the areal velocity in central orbit:In a central orbit 728 is a constant which

we have denoted by h. So,in a central orbit the areal velocity
1 ..
E TZ 7]

. h
18 constant;.

Alternative form for areal velocity:
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If ON (= P)is the perpendicular drawn from O to the chord PP'and the length of the arc PP’

is As, then

1 1
AA =§PP’XONz§ASXON

CAA1As

n— ==X
At 2 At ON

dA 1ds 11
“dr 2dtP T 2P TPy

where v is the velocity of the particle at P.
Remark:Nowi pv = % orpv = h. So the velocity at any point P is inversely proportional to
the perpendicular drawn from O to the tangent at P.

Constancy of moment of momentum:The momentum of the particle is mv which is along

the tangent.Its moment about O is

ON x (mv) = m(pv) = mh.
Thus, the moment of momentum about O, otherwise known as angular momentum about O,is
the constant mh.

Bookwork 5.3:To obtain the differential equation of a central orbit in p — rcoordinates.

For any point P on the orbit, the radius vectorr(= OP) and the perpendicular distance P of O
from the tangent at Pare the p — r coordinates of P. From Differential Geometry, we know

that
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Differentiating this with respect to 6,

de_2 du+2dud2u_2du +d2u
p3de ~ Y6 “doder T “de " T de?

If the central force (per unit mass) in the radial direction is ¢(7), then

du e
aez " " T T hne
2dp 2du o(r) 1dp o(r)du

p3do ~ “do| hu? or p3df  h2u?do’

tdpdr ()

" pd3dr do  h?u? de

] 1
Sinceu = —.
T

B (p(T')( 1 dr) _ e@)ar
~ h2u?2\ r2d)  h? dO

h? dp
oidr —p(r).

This equation is in terms of P and r.This is the p — r equation of the orbit. This is also called

the pedal equation of the orbit.

Equation for an attractive central force:If the central force is an attractive one of

magnitude F per unit mass, then (r) = —Fand the p — r equation of the orbit is
h? dp
Sg. =
p>dr

5.2.2 Law of a central force:

When the equation of a central orbit is given, to obtain the force per unit mass and the speed

of the particle at a distance r from the centre of force, we have to calculate

, o (d%u . du*
—h“u W+u 7,h (@) + u?.
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5.2.3 Method to find the central orbit

If F is the central acceleration towards the centre of force, then to obtain the equation
of the respective orbit, we have to solve the differential equation
d*u F

q0z TU T e

(1)
Here h may be found by usingh = pvfrom the given condition.

One method of solving the differential equation is by multiplying both sides of it by 2 Z—Z and

then integrating with respect to 6. Then we get

(du>2+ 2 _ F dud@
a0) "% T4 n2uzae

F
= Zjhzuz du

because

d <du>2+ o] = (F )
ao[\ae) T" | T “\aez" ") ap
Thus we get a first order differential equation

du A "
i (Afunctionofu)

which can be solved as such or after replacing u by %

Bookwork 5.4:To find the orbit of a particle moving under an attractive central force

varying inversely as the square of the distance.

Let the pole be the centre of force.Let the force per unit mass beru—z. Then the differential

equation of the orbit is

d?u 1 pu  d?u U
W+u=h2u2r—zord02+u=ﬁ. (1)

Using the operator% = D,we have
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(D? + Du = %

_ . — K_H
C.F.= Acos(8 +B); P.I.=p7——=(35) =77

So the general solution is

u = Acos(6 + B) + % ......... (2)

, h?u h%A
i.e., —=1+4+——cos(0 +B)
I I

(hz/u) h%A

=1+ —cos(0 + B).
r u

i.e.,

It represents a conic whose semi latus rectum and eccentricity are

Nature of the orbit:Multiplying both sides of (1) by2 Z—Z and integrating with respect to 6,
we get

duy? U duy? uu
(E) +u? = fﬁduor(@> +u2=2ﬁ+C

h? l(j—g)z + uzl = 2uu + c. e (4)

In this, the L.H.S. is the square of the velocity. Therefore
vi=2uu+C. ... (5)

Substituting in (4) the value of u obtained from (2),

2
h? lAZ sin?(0 + B) + % + 2.%.Acos(0 + B) + A%cos?(0 + B)| =2uu+C
2
Orh? [A% + 5 + 28 cos(0 + B) | = 2um + C
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2
Orh?A? + 5 2pfu — &) = 20 + ¢ by(2)
Orh?4% - = ¢ or k242 = 4 ¢
h? h? '

h*A? Ch? 5 Ch?
e =1+7 or e =1+H_2 by (3).

.
.

Thus the orbit is an ellipse or parabola or hyperbola according as

Ellipse Parabola Hyperbola
e<l1 e=1 e>1
C<oO0 C=0 c>0
v2 —2uu <0 v —2uu =0 v —2uu >0
2 2 2
v —E v ="F_y v —H g
T T r
2 2 2
v <2 p2=H vz >
T T r
2 2 2
v< |E v= |E v> £
T T r

Therefore, the nature of the orbit depends on the velocity with which the particle is

projected from the point whose distance from the centre of force is r.

Critical velocity: The quantity \/Z;“is called the critical velocity at the distance r.So the nature

of the orbit depends on the critical velocity.

The critical velocity can be seen to be the velocity that would be acquired by a particle, in the
same force field, in reaching the point in question, starting from rest at the point at

infinity. The equation for the motion from oo towards the pole is

U

F=—
7"2

Multiplying both sides by 277and then integrating w.r.t. t, we get

1 .2 1
Zfrrdtz—Zufr—zdr or 1 =2/,1;+C
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Alternative method:The orbit and its nature can also be obtained from the differential

equation
h?d
—L=F
p3dr
which is in p — rcoordinates.Now it is
h»dp X f dp dr
psdr_rzor ps_ﬂ 72
h? U h?  2u
=—+4+Aor—=—+D
—2p  —r + Orpz -t (6)

But we know that the p—r equations ofanellipse,aparabola,the nearer branch of a hyperbola
are respectively

b? 2a b? 2a
—=—-1, p’=ar, —=—+1.

p> p>
so, the orbit is an ellipse, a parabola or a hyperbola according as
D<0, D=0, D>0. .....(7)

Also,we know thatpv = h. Hence (6) becomes

2
K porp =v? - £
T T

2
o

Thus the conditions (7) become that the orbit is an ellipse, a parabola, a hyperbola if
2 2 2
v < /—“, p = /—“, v > /—“.
r r r

Bookwork 5.5:To find the orbit of a particle moving under an attractive force varying as

the distance.

Let the P.V. of the particle of mass m, at time t, be 7.If n?r is the force per unit mass, then the

equation of motion is

158 | Manenmaniam Sundaranar Univewsity, Directorate of Distance and Continuing Education,
Ginunelueli



Ifr = xt + yJ, then we get
X = —n°x, y = —n°y.
The general solutions of these differential equations are

x = Acos nt + Bsin nt,

y = C cosnt + D sinnt,

where the constants A,B,C,D depend upon the initial conditions.Solving these two equations

for cos nt,sint nt,

cosnt _—sinnt_ 1

|B —x|_ A x| _|A B

D -y cC vy C D
) t_—By+Dx ) t_—Ay+Cx
--cosn—AD_BC,smn—AD_BC.

Squaring and adding, we get the equation of the path as
(Cx — Ay)? + (Dx — By)? = (AD — BC)?

which, being a second-degree equation, represents a conic. Further it satisfies "h? —ab < 0" .
Hence it represents an ellipse. Since(—x, —y) satisfies the equation, the ellipse is

symmetrical about the origin. So the centre of force is at the centre of the ellipse.
EXAMPLES

Example 1 : Show that the force towards the pole under which a particle describes the
curver™ = a™ cos n@varies inversely as the (2n + 3)" power of the distance of the particle

from the pole.

Solution:

e
e

—

Expressing the equation in terms of u,
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1
— = a™ cosno.
u

Taking logarithm and differentiating w.r.t. 6,

ndu 1 g du . P
d0 COSne(nsmn) or da—uann
et 2 g
0 a8 an né + u(nsec” no)

= utan? nh + unsec? nf = u(tan® nf + nsec? nh)

d?u
h?u? (W + u) = h?u3(tan® nf + nsec?nd + 1)

1 aZn
=h*uP(n+1)sec’?nd = h*>.—.(n+ 1) =
r r

h?(n + 1)a??
= rm+3

This is the central attractive force which varies inversely asr**3.

Example 2 : A particle moves with a central acceleration p r~’and starts from an apse at a
distance a with a velocity equal to the velocity which would be acquired by the particle

travellingfrom rest at infinity to the apse. Show that the equation of its orbit is

r? = a%cos28.

Solution:

For the motion along the radius vector, from o to any point P (r, 8)on the orbit, we have

F=—t (D)
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Let v be the velocity attained by the particle, travelling from rest at oo to P.Then multiplying

both sides of (1) by 2 rand integrating w.r.t. t,

r dr "1
[72]2 =f T“—7<2E)dt = —zuf —dr

So the square of velocity v? of projection at the apse r = a is

U
v:i=—.
3a®

Next we shall find the value of the constant h?.Initially at the apse r=p=aand fromh=p,

2 =22 = g2 (H) =
h =p“v° =a (3a6) =34 e (2)
Now the differential equation of the orbit is
d?u U

do? tu= h2u2r7”
Eliminating h? by (2) and simplifying,

d*u
d92+u 3a*u’.

Multiplying both sides by 2 du/d6 and integrating w.r.t. 6, we get

du\*
(@) +u? =f2(3a4u5)du

du\*
(@) + u? = a*ub +C.

But initially du/df = 0,u = 1/a. Therefore C = 0 and

2

Since u = 1/r,du/d6 = —(1/r%) dr/d6.Therefore
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1(dr>2_a4 1 dr a* —r*
6 3% q0 T r

r+\do

T
———dr =df
a4_r4

Setting 7> = y and integrating,

dy = dé, sin‘ll— 26 + C.

a?

1 1
2 [a* — y2
T'Z
sin‘1—2 =20+C.
a

If the initial line is chosen through the apse so that the apse is (a, 0),then whenr = a,8 =
0. This gives C = m/2.

2

T - in(29+z) rr? = a? cos 26
2= 5) orr® = a’ cos 26.

5.3 CONIC AS A CENTRAL ORBIT

Book work 5.6. When a central orbit is a conic with the centre of the force at one focus, to

find the law of force and the speed of the particle.

Force:Choosing the focus S as the pole we get the polar equation of the conic as

l e
— =1+ ecosforu=—-+—-cosb
r [l 1

where [ is the semilatus rectum. Therefore,

du e_edzu_ € 5B
do 17" 7aer T T

. h*u? d2u+ = h? 2[ ° 9+1+e 0
. u 402 ujl= u lCOS ] lCOS

1 h%? 1
—p2,2- -
hul 2

Thus the force per unit mass in the radial direction but towards the pole is

T e @
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which is inversely proportional to the square of the distance from the pole.It is an attractive

central force.

Inverse square law:In the above bookwork the force (1) is

which is inversely proportional to the square of the distance.This rule of force is called

inverse square law.

Velocity: The square of the speed of the particle at a distance r is

2
v? = h? [(Z—Z) + uzl

2 1 2
= h? l(—§sin9) + (T+§c059) l

2
=l—2(ezsin29+1+2ecosH+e2c0529)
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Where p = hT

Parabola: When the path is a parabola e = [ And therefore

163 | Manenmaniam Sundaranar Univewsity, Directorate of Distance and Continuing Education,
Finunelueli



Ellipse: When the path is an ellipse,

, 2+ez—1
v _ur l

l2+ez—1
SHICT
r b/a

2 a(e?—1)]

B A

2 a(e?—-1)]
7 ab

2 b?
=ul——— since b? = a?(1 — e?)

l’l'

Maximum and minimum velocity:IfA, A" are the ends of the major axis that A is closer to S
(the pole) than A’, 7 is a minimum at A and maximum at A’. But the velocity is a maximum

when r is a minimum. Thus the velocity is a maximum at A and a minimum at A’

Periodic time: When the orbit is an ellipse the periodic time of the particle is the total area

divided by the constant areal velocity. So it is

mwab mab 2mabva 2w 3
= 1 = = —qaaz.
N, SJul - kb Vi

Hyperbola: When the path is the branch of the hyperbola nearer to the centre of force,

b2
b* = a*(e* — Dore* —1=—
a
and consequently

=)
U_MT' a
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Remark:It is important to note that when the path is the branch of the hyperbola not nearer to

the centre of force, its equation is

—=—1+ ecosf
r

In this case the force per unit mass is

21
T2

It is a repulsive force as we have in the case of like charges.
5.3.1 Kepler’s laws of planetary motion

Before the development of mathematical theory of planetary motion by Newton, with the
assumption that any two particles attract each other with a forceym,m, /r?, where yis a
universal constant, m; and m,are the masses of the particles and r is the distance between

them, Kepler propounded the following three laws on the basis of astronomical observations:
K.1: The planets describe ellipses about the sun as focus.
K.2: The radius vector drawn from the sun to a planet sweeps out equal areas in equal times.

K.3: The squares of the periodic times of the planets are proportional to the cubes of the

semimajor axes of their respective orbits.

It is obvious that K.2 implies that for each planet the areal Velocity%rzé is a constant and the

transverse component of the force acting on the planet is zero. So the force acting on the
planet is along the radius vector and thus it is a central force, the sun being the centre of
force.K.1 implies that the force of attraction on the planet is inversely proportional to the
square of its distance from the sun.So Newton’s work is the assumption of inverse square law

establishing the truth of Kepler’s statement mathematically.

EXAMPLES

Example 1 : A particle describes an elliptic orbit under a central force towards one focus
S.Ifv, is the speed at the end B of the minor axis and v,, v5 the speeds at the ends A, A’ of the

major axis, show thatv,? = v,vs.
Solution:
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In the present case the velocity formula is

2 1
2 — ——_
v =u(z-3)

Now the distances r of the pointsA. A’, B from S are:
SA=CA—-CS=a—-—ae=a(l—-e)

SA'=SC+CA =ae+a=a(l+e)

SB =./(ae)2+b%2=a

a a/ a

. { 2 1}_,u2—1+e_u1+e
v _Ma(l—e) a) a 1-e al-e
. { 2 1}_,u2—1—e_u1—e
Vs _Ma(1+e) a) a 1+e al+e

2
v,%v5% = Pk v,*orv,vs = Vi

Example 2 : Show that the velocity of a particle moving in an ellipse about the centre of

force at afocus is compounded of two constant velocities, namely,

I. % perpendicular to the radius vector,

ii. % perpendicular to the major axis.

Solution:

If the equation of the ellipse is

l
<= 1+ ecos®, e (1)

then we know that
p=— or l=7 e (2)

Also we have
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r20 =h

The velocity components in the radial and transverse directions are

7,10
Differentiating equation (1) w.r.t.t,
1 )
——21'” = —esinf0
r
Using (3),
. esind . eh
r=— (T‘ZQ) = Tsm@by(3)
e
= sine by(2)
h
0w r20 _h v (3
rf=——=- y(3)
1+ ecos@
= hf = g(l + ecos0) by(2)
ke
=5 + N cosf ... (5)

From (4) and (5), we can say that the velocity of the particle is composed of the

followingvelocities, namely,

%sine in the radial direction, — ....... (6)

% cos0 in the transverse direction, ....... (7

% in the transverse direction.

From the figure it is clear that the radial and transverse directions are inclined to the
perpendicular to the major axis at an angle 8 and 90° — 8 . So, the resultant of (6) and (7) is

the velocity.
% perpendicular to the major axis  ........ )

Now, (8) and (9) constitute the required result.
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EXERCISES

1.

The position vector of a particle at time t is ¥ = @cosnt + bsinnt where @ and b are
constant vectors of n, a constant. Show that the particle is moving under a central
attractive force varying as the distance.

A particle moves along the path r = e under a central force. Show that the force is

2mh?

r3

and speed of the particle is gx/f .

In an orbit described under a force to a centre, the velocity at any point is inversely
proportional to the distance of the point from the centre of the force. Show that the path
is an equiangular spiral.

A particle describes a circular orbit under an attractive central force directed towards a

point on the circle. Show that the force varies as the inverse fifth power of the distance.
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